a ¥

3
&
34

NASA CONTRACTOR

REPORT . f
¥
; HASA CR-170959
(NASA-CR-170959) THE C(2NTROL QOF FLOAT ZONE N84-~17017 .
i INTERFACES BY THE USE OF SELECTED BOUNDARY .
: CCNDITIONS Final Report, 11 May 1982 - 12 :
s May 1983 (Science Applications, Inc.) 41 p Unclas :
. HC AQ07/MF A0 CSCL 20B G3/76 18178
, THE CONTROL OF FLOAT ZONE INTERFACES BY THE USE OF
: SELECTED BOUNDARY CONDITIONS .
g %
. By L. M. Foster and J. McIntosh >

Science Applications, Inc.
2109 W. Clinton Avenue, Suite 800
Huntsville, Alabama 35805

[¥ 2

B
ﬁ.
¥ |
D

‘ b

Final Report :
- '
. s
: \
A~

p " .

: December 19§3 2

' .‘:s. :
H

: 5 .

N Prepared for B

NASA-MARSHALL SPACE FLIGHT CENTER
Marshall Space Flight Center, Alabama 35812

v
- e e e AN fearie et o ew . A T T AR ey
r *

- - - . I S b e = - b nem

A . ‘,'»



SN
!_

R

T
PR T T LT ST, JORN]

LY

B

1. REPORT NO,
NASA CR-170959

TECHNICAL REPORT STANDARD TiTLE PAGE
2. GOVERNMENT ACCESSION NO. 3. RECIPIENT*S CATALOG NO.

4. TITLE AND SUBTITLE

The Control of Float Zone Interfaces By The Use
of Selected Boundary Conditions

5. REPORY DATE
December 1983

6. PERFORMING ORGANIZATION CODE
JA64

7. AUTHOR(S)
L. M. Foster/J. McIntosh

8. PERFORMING ORGANIZATION REPORT #

9. PERFORMING ORGANIZATION NAME AND ADDRESS
Science Applications, Inc.
2109 W. Clinton Avenue, Suite 800
Huntsville, AL 35805

10. WORK UNIT NO.
RTOP 179-80-70

11, CONTRACT OR GRANT NO.
NAS8-35108

13, TYPE OF REPOR: & PERIOD COVERED

12. SPONSORING AGENCY NAME AND ADDRESS

National Aeronautics and Space Administration
Washington, D. C. 20546

Contractor Report
11/5/82 - 12/5/83

14, SPONSORING AGENCY CODE

15. SUPPLEMENTARY NOTES

Technical Manager:
Final Report

I. C. Yates, Marshall Space Flight Center, AL

18, ABSTRACT

govern this system.

interfaces.

during this study.

The main goal of the float zone crystal growth project of NASA's
Materials Processing in Space Program is to thoroughly understand
the molten zone/freezing crystal system and all the mechanisms that

The purpose of this effort was to study and compute the surface
boundary conditions required to give flat float zone solid-melt
The results of this study provide float zone furnace
designers with better methods for controlling sclid-melt interface
shapes and for computing thermal profiles and gradients.
and a user's guide were provided for the computer software requirea

Documentation

17. KEY WORDS

Float zone; crystal growth;
solid-melt interface model;
Materials Processing in Space

18, DISTRIBUTION STATEMENT

Unclassified - Unlimited

 Zpreer CF- pgzw? 7z
4/James A. Downey III, Mdn
Spacelab Payload Project Office

ager

19. SECURITY CLASSIF. (of thia repart) 20, SECURITY CLASSIF, (of this page)

Unclassified Unclassified

21, NO, OF PAGES

136

22. PRICE

NTIS

MSFC - Form 3393 (Rev. December 1973)

For sale by National Technical Information Service, Springfield, Virginia 22161

%
i
i
§

et a

R TN

TS Ry W

. N

TS TN - CENOR L T IR R Ll it L et
. .

v

o ot Rk

ST

s P APERI LI 4
o

.
AR

.

A



"I ™

"y

oTe s Byiwoe

S T L

PR

¢ "E"

}
H
$
¢

FOREWORD

One of the main goals of the Float Zone (FZ) growth project of NASA“s
Materials Processing in Space Prograam is to thoroughly understand the molten
zone/freezing crystal system and all the mechanisms that govern this system. To
accomplish this, the melt and interface properties, the heat and mass flows, and
the dependencies of these on each other and on growth rate and g levels must be

studied.

Since the float zone process involves two solid-melt interfaces,
possible gas interfaces, heat and mass transfers, various driving forces and
complex heating sources, an analysis of the entire process would be very
complex. For an initial investigation, a more feasible approach is to examine
each component of the process separately, particularly if mathematical models
are to be manageable. The three principal components are: (1) the shapes of
the melt and sclid-melt interfaces, (2) the heat and mass transfers, and (3] the
heating and cooliag sources. This study combined facets of all three

components.

The purpose of this 12-month effort was to study and compute the
surface boundary conditions required to give flat FZ solid-melt interfaces. The
successful completion of this study should provide FZ furnace designers with
better wmethods for controlling solid-melt interface shapes and for computing

thermal profiles and gradients.

This study was undertaken in two phases. The first bhase was to
investigate the solid zones surface boundary conditions required for flat
solid-melt interfaces when given the melt zone surface boundary conditons. The
second phase complemented the first and was to investigate the melt zone surface
boundary coanditions required for flat solid-melt interfaces if given the solid
zones surface boundary conditions. Dual integral transform methods were used in
both phases; 1in addition, the use of various numerical methods for differential

equations and linear systems of equations were required.

Using NASA supplied data, the surface boundary condifions required for
flat solid-melt {interfaces were studied. In addition, complete documentation
and a simple user”s guide are provided for all the computer software required

during this study.
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1.0 INTRODUCTION
1.1 OVERVIEW AND STUDY DEFINITION

Silicon (S1i) is used in a wide variety of electronic devices including
high power rectifiers, space solar cells, infrared detector arrays and high
density integrated circuits. The three principal industrial methods for growing
silicon crystal ingots or boules are the float zone (FZ), Czochralski (Cz), and
cold crucible methods. Because molten silicon acts as a universal solvent, Cz
grown Si 1s plagued with crucible contamination which is intolerable for high
performance optical and infrared devices. However, because the FZ process 1is
containerless, crucible contaminants are avoided. Other advantages of FZ growth
include uniformity of axial resistivity (on a macroscale), visibility of the
growth region, low consumable material costs, and high growth rates. Although
the cold crucible method combines many of the best features of the FZ and Cz
techniques, the molten Si must be superheated and volatile dopants such as In,
Ga, and Tl are unfortunately evaporated. :

Because most industrial advances in the FZ growth technologies have
come about empirically, detailed analysis of the growth process has not kept
pace with presently used FZ methods. Theoretical modeling of the melt dynamics
has led to some understanding of the growth process, but it is very incomplete.
The characteristics of the FZ melt must be more accurately modeled 1{f an
understanding of the heat balance and flow, isotherm shapes, density (including
inversion) and surface tension variations 1s to lead to better wmethods of
controlling the growth conditions. Moreover, such studies should contribute to
the design and execution of FZ experiments in low-gravity (g) environments. 1In
addition, knowledge gained by studying silicon FZ methods should be applicable
to other FZ processed materials. ’

As noted by E. Kern (10, the main goal of the FZ growth project of
NASA‘s Material Processing in Space program is to thoroughly undr stand the
molten zone/freezing crystal system and all the mechanisms that govern this
system. In addition, more optimal crystal growth conditions at g=1 and possible
improvements made by processing in near =zero-g anvironments need to be
investigated. To accomplish this, the melt and interface properties, the heat
and mass flows, and the dependencies of these on each other and on the growth
rate and g levels must be studied.

To transform a polycrystalline material into a single crystal, it is
not always necessary to melt the entire sample or charge before growing the
desired monocrystal. In some cases, it is possible to melt a small portion of
the original charge, translate this molten zone through the charge, and
hopefully leave a monocrystal behind the translating molten zone. The actual
heating sources for this type =zone melting process are varied and include
induction, resistance, electron beam, and laser beam. The molten =zone 1itself
can be moved through the charge by either moving the heating source over the
charge or by moving the charge through the heating source. The actual charge
may, but need not be, contained in some type of crucible or ampoule. If no
container is involved, the technique is called a fléat zone method and 1is used
for reactive or high melting point materials. For most float zone applications,
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the molten zone is held intact by surface tension with the occasional aid of a
magnetic field (6]. A simple fllustration of the float zone technique is given
in Figure 1-1.

In order to reduce nonuniformitias in such things as resistivities and
defect distributions, for example, the entire solid-melt system must be
characterized. Since the float zone process involves two solid-melt interfaces,
possible gas interfaces, heat and mass transfers, various driving forces and
complex heating sources, an analysis of the entire float zone process would be
very complex. A more feasible approach (at least for an initial investigation)
is to examine each component of the system separately, particularly 1if the
mathematical models are to be manageable. Three principal system components
are: (1) the shapes of the melt and solid-melt interfaces, (2) the heat and
mass transfers, and (3) the heating and cooling sources. This study combines
facets of all three components.

While many investigators, e.g., R. Brown {2], R. Naumann [14, and W.
Wilcox (20], are making significant progress studying the solid-melt interface
shapes and the thermal gradients at the solid-melt interfaces for float zone and
analogous systems subject to specified surface boundary conditions, the
principal thrust of this effort was to study and compute the surface boundary
conditions required to give flat FZ solid-melt interfaces.

The completion of this study hopefully results in a Dbetter
understarding of the FZ diffusion and growth mechanisms and should provide FZ
furnace designers with better methods for controlling solid-melt interface
shapes and for computing thermal profiles and gradients. Moreover, the methods
developed in this study should aid in the design of FZ heaters that achieve the
required melt fluxes with minimal energy expenditures and, hence, ‘perhaps reduce
the system power requirements (a natural concern for any long-term, low-g F2Z
experiment). In particular, if radio frequency heating is used, the methodology
developed " in this study should be useful for computing the performance
requirements and position of auxiliary heating and insulation required for the
proper thermal profiles. In addition, the methodology developed in this effort
might provide, for future studies, a starting point for the more complex and
realistic case of a slightly concave solid~melt interface.

This study was performed in two phases. The first phase analyzed the
solid zones” surface boundary conditions required for flat solid-melt interfaces
when given (a priori) the melt zone surface boundary conditions. The second
phase complemented the first and analyzed the melt zone surface boundary
conditions required for flat solid-melt interfaces when given (a priori) the
surface boundary conditions for the solid zones. Dual integral transform methods
were used in both phases; 1in addition, both phases required the use of various
numerical wmethods for boundary value problems. lthough such a study has
apparently never before been undertaken, analogous studies for the
Bridgman-Stockbarger method have been completed by L. Foster [7], [8]-

Mathematical descriptions of the problems posed above are stated in
Section 1-2, In Chapter 2, various mathematical tools are developed followed by
some rather interesting examples. The methodologies used to compute the surface
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boundary conditions for the s8olid regions and melt 2zone surface boundary
conditions required for flac interface shapes are developed in Chapters 3 and 4.
The results of various test cases using NASA supplied data are presented in
Chapter 5 and recommendations for future efforts are given in Chapter 6. A
simple user’s guide to various computer codes (listed in Appendix C)
implementing the methods described in Chapters 2, 3, and 4 is presented in of
Appendix A. Appendix B contains the proof of a claim made in Section 2.3,

1.2 MATHEMATICAL STATEMENT OF THE CONTROL PROBLEMS

Concise mathematical statements of the problems described in the
previous section are given next using the numbered equations in the FZ model
shown in Figure 1-2., First suppose that the melt zone surface temperature {s
some a priori known (by design or happenstance) distribution h(x) (Figure i-2,
Equation (FZ8)). Since the temperature at both of the assumed flat solid-melt
interfaces 1s the material melting point (Equations (FZl) and (F23)), the
temperature dlstribution in the melt zone is known and may be computed by the
method described in Section 2.2. Hence, the axial thermal gradients in the melt
zone at both of the solid-melt interfaces are known (see Section 2.2). Invoking
Equations (FZ2) and (FZ4), the solid regions’ axial thermal gradients at the
interfaces are also known,

For the moment, consider the lower solid region (x{0 in Figure 1-2)
and let B(r) denote the known required thermal gradient* in the solid region at
the interface (x=0), {i.e., :

T (0,r) = B(z) , 0<r<l (1.2.1)

The basic idea is to compute a temperature distribution f(x), x£0, (henceforth
called a surface control function), to be maintained on the surface of the lower
solid region such that the resulting temperature distribution, T(x,r), for the
lower solid region satisfies Equation (l.2.1). This is concisely stated in
Problem Pl-1,

+7 Equations (FZ2) and (F24) of Figure 1-2 guarantee the conservation of energy
at the solid-melt interfaces (x=0 and x=Q). kl and kg are the solid and liquid
thermal conductivities while . is product of the growth rate, solid density and
latent heat of fusion 15.

* Standard mathematical nomenclature is used in this report. Both the operator
and subscript notation are usad for partial derivatives, e.g., v and T, both

denote the partial darivative of T(x,r) with respect to x. For lunctions of
one variable, the "prime" convention for derivatives is observed, e.g., h”(x)
denotas the second derivative of h(x). The Laplacian operator is denoted by
A and 13, in cylindrical coordinates,
AT=T +T_+<T1.
xx rIT T© r

ORIGINAL PAGE IS
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Problem Pl-1 Compute f(x) such that the solution T(x,r) of

aT=p &, x< 0,0<r<l]

§—

T(x,1) = £(x), x < O, " (
T(0,r) = A(2), 0 €<¢ <1

)

also satisfies the boundary condition (1.2.1)

The const.nt Pg is the solid Peclet number (24 and from a practical
viewpoint, the function A(r) in Equations (1.2.1) is the material melting point,
Moreover, since numerical methods will be employed, Condition (1.2.1) will only
be satisfied approximately in practice.

Having stated the question for the lower solid region, the
corresponding question for the wupper solid region is analogous. Namely, let
B(r)t be the required thermal gradient in the upper solid region at the upper
solid-melt interface (x=Q), 1i.e.,

aT
_a;(x'z) =B(r), x=Q,0<r<1l . (1.2.3)

Then find a surface temperature distribution g(x), x>Q (henceforth also called a
surface control function), to be maintained such that the resulting temperature
distribution, T(x,r), for the upper solid region satisfies (1.2,3). This 1is
concisely stated in Problem Pl-2. :

Problem Pl~2. Determine g(x) such that the solution T(x,r) of

AT-P.%-E,x> Q, 0 <<l 1

T(x,1) = g(x), x > Q, ' ) (1.2.4)

T(Q’t) - A(:‘; 0<rcl

also satisfies the boundary condition (1.2.3).

+ To help make various computer codes listed in Appendix C easier to follow,

the thermal gradients in Problem Pl-l and Pl-2 are both represented by the same
symbol, B(r); however, these gradients are not necessarily the’ same. For
generality, a similar remark holds [.r the symbol A(r).
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As before, in practice A(r) is set to the melting temperature and Equation
(1.2.3) will only be satisfied approximately due to the numerical solution of
the problem.

Problems Pl-1 and Pl1-2 stated above belong to the class of so called
ill-posed or over-under posed problems. Unlike most classical second order
boundary value problems where each portion of the boundary surface is assigned a
boundary condition, Problems Pl-1 and Pl-2 have two boundary conditions
(over-posed) assigned to each of their respective solid-melt interfaces (for
example, 1in Problem Pl-1, T(O,r)= (r) and T4(0,r)=B(r)) and no boundary
condition (under-posed) assigned to the lateral surfaces of either of the solid
regions. Indeed, part of the problem 1is to determine the proper missing
boundary condition (for example, T(x,l)=f(x) for Problem Pl-l) so as ¢o relax
the overposing of boundary conditions at the solid-melt interfaces. The
solutions of Problem Pi~1 and Pl1-2 are the subject of Chapter 3.

Next suppose that the solid regions” surface temperature distributions
f(x) and g(x) (see Figure 1-2, Equations (FZ6) and (FZ10)) are fixed (by design
or happenstance). Since the temperature at both of the solid-melt interfaces is
assumed to be the melting temperature for FZ applications, the temperature
distributions in both of the solid regions are computable (see Section 2.3).
Hence the axial thermal gradients in the solid regions at the solid-melt
integrfaces are computable. Thus, the axial thermal gradients in the melt zone
at the solid-melt interfaces (x=0 and x=Q) are known after invoking Equations
(FZ2) and (FZ4) of Figure 1~2 and are denoted by

T _(0,r) = A(r), 0< <1
x (1.2.5)
T.(Qr) = B(r), 0 <r<1

The problem 1s to determine a surface temperature h(x), 0 ¢ x ¢ Q (henceforth
called the melt =zone surface control function), to be maintained on the melt
zone surface such that the resulting temperature distribution, T(x,r), for the
melt zone satisfies (l1.2.5). This is concisely stated in Problem Pl-3,

Problem Pl-~3 Determine h(x) such that the solution T(x,r) of

aT
AT = Pz I ° 0<x<Q, 0<r<l

Tx,1) = h(x), 0 < x < Q

(1.2.8)
T(0,z) = C(z), 0¢<r<1

T(Q,r) = D(r), 0 ¢ <1

also satisfles the boundary conditions (1.2.5)
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The constant P, is the liquid Peclet number and from a FZ point of
view, C(r)and D(r) equai the material melting point, As with Probiems Pl~l and
Pl=-2, the numerical nature of the proposed solution method (the subject of
Section 4.0) means that Conditions (1.2.5) will only be apprcvimately satisfied.
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ORIGINAL PAGE IS
2.0 TWO CLASSICAL PROBLEMS OF POOR QUALITY

Before turning to those moral and
mental aspects of the matter which
present the greatest difficulties,
let the inquirer begin by mastering
more elementary problems.
--Sherlock Holmes, "A Study in
Scarlet"

2.1 DESCRIPTION OF THE CLASSICAL PROBLEMS AND CHAPTER OUTLINE

Before developing methods to compute the melt zone and solid regions’
surface coutrol functions which will yield the desired flat solid-melt
interfaces*, two more elementary problems must be dispatched. These are:

Problem P2-1: Given a surface temperature distribution for the melt zone,
compute the resulting interior temperature distribution of the melt zone.

Problem P2-2: Given a surface temperature distribution for one of the

semi~infinite solid regions, compute the resulting interior ctemperature
distribution for that region.

In addition to solving Problems P2-1 and P2-2,  nmethods for
approximating the 1interface gradients are presented 1in this chapter. The
techniques developed to solve Problems P2-1 and P2-2 will have three important
functions in this study. First, they will be used to generate the solid and
melt zone gradients required at the interfaces. Second, and - probably most
important, the solution techniques for Problems P2-! and P2-2 will introduce the
essential definitions and dual integral transforms which will be used later to
computa the desired surface control functions (Chapters 3 and 4). Third, these
techniques will be used to study how well (or poorly) the computed melt zone (or
solid region) surface control fuaction performs.

Problems P2-1 and P2-2 are resolved in Sections 2.2 and 2.3
respectively. Some numerical test cases are discussed in Section 2.3 along with
two examples with correspondingly important remarks. .

2.2 SOLUTION OF PROBLEM P2-1

Suppose the melt zone of Figure 1-2 1is isolated (and perhaps
translated) as displayed in Figure 2-1.

-

To reduce the terminologv, the solid-melt interfaces will henceforth be
referred to merely as the interfaces. The axial thermal gradient in a solid
region (or melt zone) at an interface will be referred to as a solid region (a
melt zone) interface gradient.

2-1
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T(xy,r) = B(r) X = xy
. X
REMARK: FOR FZ AT = p 3T
Pl(ml)nm, A(r) = L 2 3%
B =MELT PT.
: r T(x,1) = h(x)
T(x,,T) = A(r) ‘;i ;.;;"

Figure 2-1 Generalized Melt Zone

Realistically, the melt zone end temperatures A(r) and B(r) are both
the material melting temperature; however, for sake of illustration, we require
only that A(r) and B(r) be sufficiently smooth. Problem P2-1 can then be
mathematically stated as:

Problem P2-3: Determine T(x,r) such that

A'I--P‘!.‘x,0<1:<l.am'}1:°<x<xN . 2.2.1)
T(xo,r) = A(r) , 0<r<i (2.2.2)
T(xN.r) =B(r) ,0<r<1l (2.2.3)
T(x,1) = h(x) , x < x < X (2.2.4)
and
- 2.2.
Tt(X.O) 9, xo< x < Xo 2.5)

where A(r), B(r) and h(x) are sufficiently smooth, A(l)=h(x,)and B(1)=h(xy), and
P (the Peclet number with the subscript "2" suppressed for conveniencs)is a
positive constant.

Before solving Problem P2-3, some notation is in order:

Notation N2-1:

(1) A(r) = A(r)=-A(l)
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(11) @(r) = B(r) - B(1)

(111) ¥ (r) = Jg (Aqr) where A < A3 <.,
is the 1ncreaaing sequence otz real” roots of
the Bessel function.I .

(1v) G(x) = Ph'(x) - h"(x)

Solution Technique: The basic idea is to assume the solution T(x,r) is the sum
of the lateral surface temperature h(x) plus some unknowan function 8(x,r), f.e.,

T(x,r) = 8(x,r) + h(x)

Problem P2-3 can then be recast as:

A6 = pex +G, 0 <r <1 and x, <x < X9 (2.2.6)

8(x,r) =Ar) , 0 <r <1 (2.2.7)

8(x, 1) =®r) ,0 <r <1 (2.2.8)

8(x,1) =0 , x, < x<x 2.2.9)
and

6,(x,0) =0 , x < x<x C(.2.20)

Although Equation (2.2.6) 1is more complex than Equation (2.2.1), the
corresponding boundary conditions are greatly simplified. First, the Dirichlet
condition (2.2.4) 1is replaced by a simple homogenous boundary ccadition (2.2.9).
In addition, because K1) = B(1) = 0, the boundary conditions (2.2.7) and
(2.2.8) can be further simplified by various Bessel series expansions. For the
moment, assume 8(x,r) 1s expanded as

8(x,r) = zc (x) ¥, (7)

- ]
n=} (4.-2..1)
Then using the fnllowing well known property of Bessel functions [1§,
A Qifnygnm
Yo (2 (o)rdr = (2.2.12)

0 4%, )tf0 = m

the functions Cd(x) of Equation (2.2.11) are computed to be
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o(x,r) !un.(r)tdr (2.2.13)

1
2

Calx) =
700%

If the integral portion of Equation (2.2.13) is denoted bylgn(x), then Equations
(2.2.11) and (2.2.13) may be combined to form a dual integral transform pair:

=\ 24,(2)8, ‘%) _ ]
I(x,r) - —Tr(T)— and en(x) .fe(x,t)!pn(r)rdr . (2.2.18)
Dm] LV R 0

Unfortunately, the desired 8(x,r) of Equation (2.2.14) involves 8,(x) which in
turn rtequires knowing 6(x,r); fortunately, this rather circular problem nay be
resolved by invoking Green’s theorem. If both sides of the partial differential
equation (2.2.6) are multiplied by y,(r)rdr and the resulting terms integrated
from r=0 to r=1, a application of Green’s theorem combined with the fact that

r=]
: 3
q'ner - 6‘5‘;% =0
r=0
implies
z —
Tl - P(x) -2, B (x) =G () , x <x<xy (2.2.15)
where 1
= I1(a)
Gn(x) -f G(x)wn(r)rdr. = G(x)-—x——n- (2.2.16)

0 n

Sinces#(1) = 1) = 0, the smooth functions A r) and B(r) may be represented by
the following Bessel expansions:

A(x) = Eﬁ:o(xnr) (2.2.17)
(r) = E.l?n.ro(xnr) (2.2.18)

The above coefficients s, and &, could be computed using Integral

2-4
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representations [18l, for example,

1
2
Afn - W f A(x)J (A r)rdr
0

Horaver, to avoid the eventually required numerical integration of such
1’ presentations, the coefficients "n and 3,, may be approximated using a least
suares method as described at the end of this section. Combining Equations
(2.2.7), (2.2.8), (2.2.12), and (2.2.i4)-(2.2.18), B,(x) may be uncoupled from
=x,r) as the solution of the following two point boundary value problem:

"o” Yot - £
6, ~ PO - Ada= Gy 2% < X )
J. (A
J§ a (2.2.19)
'é'n(xo) -ffn X ;
z2 0
( 2 1 xI:l
0 (x.) =
N') n Au J

2

Since \p >0 , it is well known [ 5] that Problem (2.2.19) has a unique
solution. Although the solution of (2.2.19) could be determined by a variation
of parameters method [1], such a technique Zinevitably <equires numerical
integration. A more straightforward method is to discretize (2.2.19) in the

following fashion. First, the interval from x, to Xy is partitioned by the grid
rints:

tj’xo"'ij »y J=0, ..., M

where MAx = Xy = Xg¢ Then solve the following finite difference analog of
the boundary value problem (2.2.19):

By i=2u By 4l
J+4 "4 "4-1 il S 2
-P -A"n. =G (¢ ), 3=1,+¢¢ M=l
(Ax)2 2Ax ') a'j
2
J, (A 2
u, =A ‘g“ (2.2.20)

ngx)
" -g lzn
n

N

i}

"%

s o ¥
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The linear system (2.2.20) is tridiagonal and guaranteed to have a solution [ 9]
if 'P-AX< 2, Moreover, the solution vector {uo, e, uq}provides a second order
approximation of (‘ln {x), i.e., )

Iy - Fep) = o(can’)

In addition, the boundary derivatives of -G-n may be accurately approximated [ 3]
by the following unbalanced finite differences:

B’n(xo)z .(—3u4 + usu3 - 36u2 + aaul - 25u°)/12Ax

(2.2.21)
e;(xn) = (3uM_4 -1614}!__3 + 36”11—2 -4auM_1 + ZSMM)IIZAx
Since
) o v _,
T_(x,0) = h{x) + 22 LSS/ (2.2.22)
x J*o ) © .
n=1 1" n

Equations (2.2.21) and (2.2.22) may be combined to approximate the axial
gradients at x=x, and Xy (a very important requirement in Chapters 3 and 4).

To finish this section, a short description 1s given "of how the
coefficients Ifh of Equation (2.2.17) are approximated (the zame
technique applies to Equation (2.2.18)). First, denote ry = (i-1)/M, 1 = 1,

essy M + 1 and select N << M (typically N = 20 and M = 100). Define an (M+l)
by N array L and (M+l) dimension vector b by the respective elements:

Lij - Jo(kjri) and bi -14(:1)
Let 3 be the solution of the linear least squares problem [17 Chapter 5]:

lLa = b (2.

[
.
=
Lo
~r

Then the first N coefficients,;‘%, of (2.2.17) are approximated by

"n = 'h , A= 1, e+ N

. v em—
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2.3 SOLUTION OF PROBLEM P2-2

Analogous to the solution technique of Problem P2-1 in Section 2.2,
suppose the lower solid region of Figure 1-2 {s isolated as shown in Figure 2-2.

ir(e,r) - ACx)

]

I 2 T 2 O SRR

& mOAL L e
N .

".iv

r"r .

A S e e -

A' .
‘:‘1
o

1

¢

r
Lo -
T(x,1) = £(x) < sogg STATE EQUATION
REGION
AT = P -al
s ax
T w1
cmsnmm—

Figure 2-2

REMARK: FOR FZ PROBLEM
A(r) = MELT PT.

Generalized Lower Solid Reglon
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Realistically, the upper end temperature A(r) of the lower solid ra;i-- <= rthe
material melting temperature; however, for the sake of illustration, it s oaly
required that A(r) be sufficiently smooth. In addition, {t is assumeu .::i the

lateral surface temperature f(x) is smooth, asymptotically constant ag x + - =
and is such that f and f approach zero as x + - ®» (loosely, this means f(x)
resembles a horizontal 1line as x approaches - ), Mathematically, the lower

solid region case of Problem P2-2 may be stated as:

Problem P2~4: Determine T(x,r) such that

AT = PTx, 0<r<landx<0
T(0,r) = A(r), 0 < r <}
T(x,1) = £(x) , x <0

(2.3.1)

(2.3.2)
(2.3.3)

(2.3.4)

(2.3.5)

- and

°] lim  max |£G)-Tx, | = 0

T X+=d (<r<l

:} The functions A(r) and f(x) are assumed sufficiently smooth, and for
o ~compatibility, A(l) = £(0). In addition, 1lim f£f(x) -exists and is finite and
> both f and f ' approach zero as x + - . The constant P is

positive (the subscript "s" is suppressed for couvenience).

assumed to be

The notation established in Sectiom 2.2 will be retained with the

exception of G(x) which now represents G(x) = Pf'(x) -~ £'(x). The solution
technique is very similar to that used in Section 2.2 First, T(x,r) is expressed

as
T(x,r) = 68(x,r) + £(x)
and Equations (2.3.1) - (2.3.5) are recast as:

A = pex +G6,0<r<1l and x<0

- .

8(0,r) =A#(r) , 0 < <1
8{x,1) =0, x< 0

“iy,

- SRR\ AP & - SR

T

Gr(x,o) =0, x<0

and

T .

t

lim max [8(x,r)| =0
x»o (O<r<]

- 2-8

(2.3.¢)

(2.3.7)

(2.3.8)
(2.3.9)

(2.3.10)

[ 2
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The boundary value problem (BVP) given by the Equations (2.3.6) =~
(2.3.10) 18 solved in a manner similar to the solution of the BVP (2.2.6) -
(2.2.10). If #Kr) is represented as in Equation (2.2.17), then the BVP (2.3.6)
« (2.3.10) may be transformed by the dual integral transform pair (2.2.14) into
the following boundary value problem:

-

) 2_ -
%0 - Pen B Anen = Gn »x< 0

n
22 gx )
. - ) n
§ (0) = A, —
and
. :ifm 8§ (x) =0

where E; is still defined as in (2.2.16). Using a variation of parameters
technique, the solution of this BVP is given by

_ _ ) x_ -a t a x \

L Gn(x) -[An + - Gne dt] e
L 9
& 4 (2.3.11)
L. x
o - =B« B x
I +-[n-_1_S Gendt]en
-3 n S n ]
w! 20
A where
. 2 2
2 Sn = P™ + bln

a = (P + Sn)/Z

Bn = (P - sn)/z
. -1 0, —Bnc
Bn - T Gne dt
14 n .
?, . and

2
<t JT(A))
' - - 1'n
& 4 By * "n—-z—_
o+ .

Since each summand 1in (2.3.11) is the product of an exponentially exploding and
exponentially decaying term, the proof that lim en (x) = 0 {s rather delicate

and 1is reserved for Appendix B. The solution of Problem P2~4 is

] A s e m
T VI e T N T Ao,

2-9
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(2.3.12)

Since the float zone process also involves the upper solid region of
Figure 1-2, an upper region analog of Problem P2-4 must be solved. After
translating the upper interface to x=0 for convenience, the mathematical
statement of such a problem is:

Problem P2-5: Determine T(x,r) such that

AT = PTx ,0<r<l , x>0 (2.3.13)

T(0,r) = A(r) , 0<r <1 (2.3.14)

T(x,1) =g(x) , x>0 (2,3.15)

T (x,0) =0, x>0 (2.3.16)
and

lim  max |g(x) - T(x,z)] =0 (2.3.17)

X+  (<p<]

As before, A(r) and g(x) are assumed sufficiently smooth and, for
compatibility, A(l) = g(0). In addition, %&2 g(x) exists and is finite, both
g' and g” approach zero as x+», and P>0. ’

Without belaboring the details, the solution of Problem P2-5 is given
by Equation (2.3.12) (g(x) obviously replaces f(x)) where Gn(x) is still
represented by Equation (2,3.11) with the Gn’s and Bn unchanged but with

new A, and By, namely
-}

n’an

- -Gt
A ==L s Ce B de
n S n
By
and
2
IO

By = A, * "n'—z—

As a computational aside, the numerical method described in Section
2.2 can be used to approximate the analytically defined solutions of this
section. For example, in the upper solid region case, 1if the surface
temperature g(x) is rather constant for x, say, greater than some L, then the
solution of Problem P2-5 may be approximated for 0 < x ¢ x, by the solution of
Problem P2-3 with set to, say 3L, and B(r) = g(xy) and h(x) = g(x).
Moreover, the gradient at the translated bottom, x = O, of" the upper solid
region may be accurately estimated by the approximate gradient generated by
Equations (2.2.21) and 12.2.22).

2-10
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Numerous test cases to numerically verify the above remarks were
generated with A(r) = O (to simulate a solid-melt interface), 0.1 ¢ P ¢ 1.0, and
xyq ® 2L and 3L (L typically on the order of 10)., The approximate temperatures
(and gradients)so obtained were quite accurate.

2.4 AN UNSETTLING FACT WITH AN ADDED NICE SURPRISE

Consider for the moment Problem P2-4. If A(r) = 0 (to simulate a
solid-melt interface) and two temperature distributions T; and T, are generated
corresponding to two surface temperature coanditions £, (x) and fz(x),lthen if

fy = f;, 1t is reasonable to expect T, = T,. In addition, if f; = f, near x.

= 0, then {t is also reasonable to expect that the corresponding thermal
gradients of T; and T, will be close at x = 0. These intuitive observations are
indeed true and may be rigorously proven after such concepts as '"close" aie
precisely defined. All of this, however, might lead to the assumption that if
fy and f, are not close, then the corresponding thermal gradients ana
temperature distributions near the simulated solid-melt interface (« = 0) are
probably not close. This, of course, 1is not always true, and will be
illustrated in this section by two examples. In fact, the second example will
demonstrate the gsomewhat unsettling fact that it 13 quite possible for fz(x) to
exponentially explode while f,(x) remains nicely bounded with the corresponding
thermal gradients at x = ( virtually indistinguishable, In 1light of the
development presented in Section 1.2, this implies there might exist many varied
surface control functions, all of which provide the required (or nearly so)
thermal gradient at the desired interface., If this is the case, then the float
zone furnace designer may have at his disposal many different prospective
surface control functions to choose from (a nice surprise). For example, the
designer might select a surface control function that requires a minimum of
power.

The two examples in this section clearly demonstrate that small
changes 1in the thermal gradient at the end boundary (x = Q) can result in a
rather large change in the resulting surface control function. This, as noted
before, can provide an entire family of useful surface control functions if the
FZ designer is willing to permit a slight "misfit" (albeit small) between the
desired and obtained thermal gradients at the end boundary (x = 0 for the
following examples). Unfortunately, this also means that an attempt to measure
the sensitivity of the required surface control functions to changes in the
material or system parameters (which obviously produce changes 1in the desired
interface thermal gradient) can be quite misleading and should probably not be
attempted.

Example E2-1: In this example, P = 0.1, A(r) = 0 and the 1lower solid region
case (x<0) is selected. The nominal surface temperature f, is illustrated in
Figure 2-3;the surface temperatures f,, ..., f, (also illustrated in Figure 2-3)
are perturbations of the nominal fz'

Letting T, denote the thermal distributions corresponding 2to the
surface temperatures f,, the relative di{ference (measured in both L™ andL®
norms ) between the nominal gradient of T, and each of the gradients of T,, 1 =
2, ««, 5, at the end boundary, x = 0, is tllustrated in Figure 2-4, -

+ 2

For a function h(r), 0<r<l, the L° and L® norms are (respectivcly)

X b
hil, = 2 r)dr! an = max ).
LA [{ h( M] d ]lh[L Oirgih( )|

2-11
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T(xvl) - f(!) -'r 2
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Figure 2-3 Nominal and Perturbed
Surface Temperatures
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Figuie 2-4 Influence of Perturbations of the é
Surface Tempurature on the Thermgl
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Note that even for the cases where f), the nominal surface
temperature, is perturbed relatively close ¢to the end boundary (x = 0), the
corresponding perturbations of the thermal gradients at the x = 0 boundary are
still remarkably close to that of the nominal gradient.

Example E2-2: In this example, P = 0.1, A(r) = 0, and the upper solid region
(translated to x > 0) 4is selected. Suppose it is required that the thermal
gradient at x = 0 be identically 1, 1.e., Te(O,r) = 1. A particular surface
control function gl(x) which will give the desired result is the exponentially
growing surface temperature:

g, (x) = -10 + 10EX® (x/10), x>0

In fact, the corresponding thermal distribution T- is identicall; jal to g..
Suppose g,(x), ..., gg(x) are surface control functions that eq :° '.(x) on an
interval [0,z,], 1 = 2,7 ..., 5 but are asymptotically constant as .. yrtows (see

Figure 2-3.) = The relative L2 and L® differences between the thermal gradients
at x = 0 of the corresponding temperature distributions Tp» +eey, Te and the
thermal gradient of T, is illustrated in Figure 2-6, Note that even when g,
(a bounded surface temperature) separates from g, (an unbounded surface
temperature) rather close to the end boundary (x=0), the two corresponding
thermal gradients at x = 0 are remarkably close (see Figure -5, =z = 0.5).

2-13
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3.0 THE COOLING CONTROL FUNCTIONS

It is an old maxim of mine that when
you have excluded the impossible,
whatever remains, however improbable,
must be the truth.

ORICINAL PAGE 19
OF POOR QUALITY

-=Sherlock Holmes, "The Adventure

of the Beryl Coromet”

The main thrust of this chapter is to provide
Problems Pl-1 and Pl=-2. Beginning with Problem Pl-1, suppose a temperature

solution methods for

distribution T(x,r) is required to satisfy two known boundary conditions

T(0,r) = A(r)

Ty(0,r) = B(r)

(3.0.1)

(3.0.2)

at the lower solid region’s end boundary (the melt-solid interface in practice)

as depicted in Filgure 3-1.

< =
|
) A
i !
i X
| ‘ -
] —_— AT = P 2L (State Equation)
5 r s 3Ix
% ) = a(s
| soLID F(0:2) = A6)
i | azsTon . > KNOWN
. ! = - B(z
| At (0,7) = B(2)
. | r=]
3 | —
f; 5 T(x,1) = £(%) 4 UNKNOWN

REMARK: ‘For

\\
=\
> -
£~
~
p3)

FZ oroblems,

g ,\//\4,/\‘/ A(r) =Melting Temperature
!
7 Figure 3-1 FZ Lower Solid Region Problem
F
3-1
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Recall from Section 1.2 that the problem is to find some (at this point unknowm)
cooling control function f(x), x<0, such that the solution of the well-posed
boundary value problem:

AT = psrx » X< 0 , 0 cx <1 (3.0.3)

T(0,r)=A(r) , 0 <r <1 (3.0.4)
and

T(x,l)=f(x) , x <0 (3.0.5)

also satisfies the addition boundary condition (5.0.2). The basic idea of the
proposed method 1s to solve the boundary value problem (3.0.3)-(3.0.5) by the
method described in Section 2.3 and, in the process find a sufficient number of
conditions to allow the calculation of the desired, but unknown, f(x). First,
from a practical point of view, any viable control function f(x) should become
rather constant as the distance from the lower interface increases. Thus
it is expected that:

lim f£(x) exists and is finite (3.0.6)
X0
and
lim £ (x) ~ lm £7(x) = 0
(x) (3.0.7)

Proceeding as in Section 2.3, denote

T(x,r) = 6(x,r) + £(x)

G(x) = Pf - £

A(T) = A(z) - £(0)

B(x) = B(r} - £ (0)
For f(x) to be compatible with A(r) and B(r),
ACL) = £.0) (3.0.8)
and

B(1) = £ (0) (3.0.9)
Then Equations (3.0.2)-(3.0.5) reduce to

FFor the moment, suppress the solid subscript "s", i.e., P _=P.

3-2
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(3.0.10)
8 ,.(0,7) = Bx) }

g(x,1) =0

Denote wn(r) - Jo(knt) wherz A1 < XZ < 13 < ... are the real roots of the
zero order Bessel function. As in Chapter 2, let

2y, ()
= -4 = 3.0.
8 (x,r) Jz(,\ )em"‘) (3.0.11)
Mw]
and 1" 7y
8, (x) = 8(x, )y, (r)rdr (3.0.12)

0

form a dual integral transform pair. If 4 r) and #(r) are expanded in the
Bessel series:

Ar) = Z A J0.0 . (3.0.13)
=1

Br) = Z %Jo(knr) (3.0.:3)
=1

and denoting

- 3, 0
G\‘(x) = G(x) wM(r)rdr = G(x) X (3.0.15)
. M
0
then operating oa (3.0.10) by the integral transform (3.0.12) yields
e e E e aT (3.0.16)
'Axen*'en'mu"‘cu"‘(o\ -Ue
2
IO
- 1
5,0 =A L (3.0.17)
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2
: ITAY
8.(0) = 1 (3.0.18
W -8 — )

In practice, the Bessel coefficients,ﬂn and 3,, in (3.0.13) and (3.0.14) are
approximated by least square methods as described in Section 2.2. In addition,
for FZ applications = 0 because A(r) 1s comnstant (the material melting
temperature). Denoting

l’ 2 . 2
SM' P +£.AM

Oy = (r + sM)/z

and
BM = (P - SH)/Z’

the solution of (3.0.16)-(3.0.18) is then:

2
5 114 S
B (x) = 215: (ﬁ, -BMAH) e T (3.0.19)

x —
G,(t) -
+ .GHX‘I M e aMtdt
0

2
JTAAL)
1Y'M B
+ 53 (czb1 ;4& - 1%1) e M<

Byx x Eﬁ(t) ~8,¢
- e < e de
M
0

Since Eﬁ(x) = (Pf (x) - f"(x))Jz(‘ Y2 approaches zero as x proceeds toward
negative infinlity (see (3.0.7)), an argument similar to that found in Appendix B
will show that the second summand in (3.0.19) approaches zero as x approaches
negative infinity; since ay is positive, the first summand of (3.0.19) shares a
similar fate. In light of (3.0.6), it {s reasonable to assume (or require
depending on the point of view) that

lim max IT(x,r)-f(x)[ =0
X*=® (O<cT<]
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and hence l1im 8.(x) = 0. Combining these observations with (3.0.19), the
X “P-sn n
remaining conditions to be used in determining £(x) are 'easily discerned,
namely:
le()\u) G ) Bt B
m |55 (% -8,)- e dt |e = =0 (3.0.20
s |re(nAcR)| )
0
Since 8, <07, an analysis similar to that of Appendix B will show that (3.0.20)
will he satisfied 1if
J (X ») Byt
—— G A -&) - - GM(t:)e dt (3.0.21)
Since
Gy(8) = G(B)I, A DA, = (BE (2) - £7 ()T Q) /A,
combining (3.0.6)-(3.0.9), and (3.0.21) with two applications of integratioan by
parts yields:
3,00 (oA -BY/2
-8t
- BM(BM-P) f(t)e o dr + (BM-P) A(l) + B(L)
-
Denoting
1 - -
.. Ekmﬂ(xm)(a:{% %) + (P-R)A(1)=-B(1)
M Sm(Bm-P)
the desired properties of the surface function f(x) may be summarized as:
3~5
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" £(0) = A(l) and ' £ (0) = B(1) OF POOR QUALITY
' lim f(x) exists and is finite
‘ X =i
and £ (x) and £ (x) * 0 as x * -= (3.0.22)

0 -8B ¢
Ry = S f(ede Mde ,M=1,2,° """

To numerically approximate such a surface control function as f(x), let+

B S L

NSYS
. . .
| £(x) = 2: ‘e (3.0.22)
' k=1

Then, in light of (3.0.22), set

.. c1+""+g~q8Ys-A(1)

19 [ 2

e, + 2::3 + "+ (NS’n{S-l)cNSYS = B(1)

7: and

Z NSYS 0

- ¢ | Exp((k-1-B)et)dc =R, , M=1,2,...,MTERM
k=1 )

If the (MTERM+2) by NSYS matrix L and (MTERM+2) dimension vector b are defined,
for j = 1,2,..., NSYS, by

. . . _
b 13 = L and by = A(L)
L. = 4 -
i 29 = 3-1 and b, = B(1)
, Ly - .
B . 11‘81-2-1 (3.0.26)
. , 1 = 3,4, ..., MTERM +2
: by = R¢z

TThe index in the expansion of f(x) starts at k=1 4instead of k=0 to make
= referencing this section from the accompanying FORTRAN documentation easler
(Appendix A). The index limits NSYS and MTERM noted here will be used in the
same role in the accompanying FORTRAN codes (Appendix C). F-6
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then, provided MTERM+2 > NSYS, the coefficients R of (3.0,23) may be set to the
least squares solution of

IC=1b (3.0.25)

that is,

“NsYs

The solution method for Problem Pl1-2 is similar to the above and hence
most of the details are left tc the reader. Using the notation established for

Problem Pl1=2 denote
G(x) = Pg' (x) - g"(x)

Ar) = A(r) - A(1)

and

B(r) = B(r) - B(1)

As before, expand A r) and B(r) as

and Ar) = Z" b o qt)

n=1

8 - ) B, IO

nw]

Then Qsing the ahove established noctation for S,, a,, and B, the desirable

properties of an upper solid region surface control function g(x) are summarized
as:

8(Q) = A(1) ' (3.0.26)

g (Q) = B(1) (3.0.27)

X J.(A) bt a_(Q-t)

-—“—%———“— (Bnﬂn -?n) - j G(te ® de (3.0.28)
Q

iiz g(x) exists and is finite (3.0.29)
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’ - v - (3.0.30)
:16-13 g’ (x) lrig g'(x) =0

and

Mimicking the previous analysis, (3.0.28) is simplified by two applications of
integration by parts. Thereafter, an approximation of g(x) given by:

| NSYS
g(x) = E cke("‘”(q“) (3.0.31)
=1

is substituted into Equations (3.0.26)~(3.0.28) and the desired coefficients
determined by a least squares method.

3-8
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4.0 THE HEATING CONTROL FUNCTION

In five minutes you will say that it
is all so absurdly simple.
. --Sherlock Holmes, "The Adventure

of the Dancing Man"

The ultimate goal of this chapter is the solution of Problem Pi-3.
Suppose that the temperature distribution T(x,r) for the melt zone 1s required
to not only satisfy the state equation

AT =P, T , 0<x<Q , 0<r<l (4.0.1)

but also must satisfy for 0<r<l the four boundary conditions:

T(0,z) = C(r) (4.0.2)
T(Q,r) = D(r) ) (4.0.3)
(4.0.4)

Ix(o,r) = A(T)
and

Tx(Q,r) = B(r) (4.0.3)
‘nfortunately, not oanly is too much information supplied for the two end

boundaries (x=0 and x=Q; see Figure 4-1), no information whatsoever is supplied
¢ r the remaining boundary, r = 1 (again see Figure 4-1).

T(Q,r)=D(z) | — STATE- EQUATION
T x =Q AI-PLTK
% Q,r)=B(r) \_/
X
[ 3

T(x,1) = h(x)

MELT /////(

T(0,r)=C(r) R UNKNOWN

Tx(O,r)-A(r) \\\-:1_2,—’)

Figure 4-1 FZ Melt Zone Problem
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The problem,therefore,is to find some heating control function h(x),
0<x<Q, such that the solution T(x,r) of the well-posed problem defined by the
boundary condition T(x,l) = h(x), the boundary conditions (4.0.2) and (4.0.3)
and the stat: equation (4.0.1) also satisfies (or nearly so) the additional
conditions (4.0.4) and (4.0.5).

. + For simplicity, the functions C(r) and D{r) are both assumed to be
zero '. The generalization for nonconstant C(r) or D(r) 1is similar to the
following analysis and is left to the interested reader. As in Chapters 2 and
3, define . -

G(x) = Pgh' (x) -h" (x) (4.0.6)
Ax) = A(r) - AQL) = E #n I A0 (46.0.7)
n=]l
and -
#F(r) = B(r) - B(l) = E ano(xnr) (4.0.8)
n=1

If T(x,r) is decomposed into

T(x,r) = 8(x,r) + h(x) - (4.0.9)

then Equations (4.0.1)=(4.0.3) imply”™

46 = Pex +G6G,0<x< Q , 0<r <1

(4.0.10)
8(0,r) = 6(Q,z) = 0 , 0 <r< 1

Denoting G_(x) = G(x)+J,(A)/X  aud transforming (4.0.10) by the integral
transform ?3.0.12),

T -
en -PEn-AHEn-Gu s 0< x<Q
- 5 (4.0.11}
en(O) =v,Q =0

+ For FZ work, both C(r) and D(r) are set to the material melting temperature
which can itself always be assigned to be zero on some translated temperature
scale.

*For convenience, suppress the "2" (liquid) subscript, i.e., Ph-P

4-2
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For convenience, let
" 2 2
S " PT+ akn

a, = (P + 8g)/2
and

Bﬂ.- (P - sn)/Z'

By a variation of parameters method, the solution of (4.0.11) is

-8 t 8 x
- - _1. c u n
B (x) K. Sng G (t)e "dt|e
0 (4.0.12)
x -1 t a
- x
+ |-K +-l-SG(c)e Bge|le®
n S n
o
0

where

Q - an(Q—c) Bn(Q-c)
Gn(t) 2 ~e de

0
K =
n a Q 8 Q
S [; n -e n ]
n

For the desired h(x) to be.compatible with Equati?ns (4.0.2)-(4.0:5) (recall
C(r) and D(r) are set to zero), h(0) = 0 = h(Q), h' (0) = A(l) and W (Q) = B(1l).
In addition, since 8,(0,r) = ,4r) and 8,(Q,r) =8(r),

P ' 2
8,(0) =A J1(1 /2

) (4.0.13)
T (@ =8 3,002

Lo~ i T I
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Combining Equations (4.0.13) with the derivative of 5; (x) (obtaining by
differentiatingt (4.0.12)) yields

A3 (O Q
2 12 18 _A(l) = S K, (n,t) h(c) de (4.0.14)

0

and
Q .
AT (M)

-9-'-‘-5—-“-— 4+ B(l) = S K,(n,t) h(e) de (4.0.15)

0

where, 1f C, denotes,

1,52 .2
C, =7 (®-s))/[1-Exp (-6,Q)]
then kernels KI and Kz in Equations (4.0.14) and (4.0.15) are defined by

-at -(Bnc + an)

(4.0.26)
Kl(n,c) = cn e - e

and

-S :> . Sn’.--Q)

K, (®,0) = C (I-e ° (4.0.17)

+ The actual process of differentiating (4.0.12) is routine but laborious and

is left to the 1industrious reader. However, this is not to imply that great
care should not be taken; several of the integrands are the difference of large
functions (a numerically delicate situation). For the industrious reader
willing to check these results, the removal of derivatives from integrands by
intagration by parts is necessary.

4=4
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The desired h(x) is numerically approximated by some expansion of the form:

NSYS

h(x) = Z e.kb.k(x)

=]

(+.0.18)

(fnr example, let hb(x)-xk'l). To finish this development, solve for the
coefficlents ¢, in Equation (4.0.18) by solving (in a least squares sense’) the

System (4.0.19)=-(4.0.23) given below.

NSYS

2 i =0

kml

NSYS

Z ckh1‘CQ) = Q

k=1

NSYS

D em @ =3

k=1 :

NSYS

Z ckh."‘(O) = A(1)

k=]

NSYS

Z ajnk ck - an ’ n.lqzs"'1 MTERM, andj - 1,2
k=l

where
Q
ajnk - S Kj(n,t) hk(t) dt
0
1
bln = - E”‘njl(xn)Au - A
and

1
bzn - Egn Jl(xn)kn + B(1)

T F In order tc use a least squares method, the 1index 1limits NSYS
should be selected such that NSYS/2 < MTERM + 2,

4=5

(£.0.19)

(4.0.20)

(4.0.23)

and MTERM
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And here--ah, now, this really is
thing a little recherche '
somerhing --Sherlock Holmes, "The Musgrave Rirual"

5.1 SOLID REGION SURFACE CONTROL FUNCTIONS

In this section, the methodology developed in Chapter 3 is illustratad

* using material and system data provided by NASA. Recall that the problem is o
find, after being given the melt zone surface ctemperature distribution, the
surface control functions for the solid reglons which are compatible with flat
interfaces, The material and system parameters used are listed in Table 5-1 and
were provided (and 1in some cases appropriat2ly modified) by E. Kern /Nasa
contractor, (1) and E. Cothran (MASA, [4]). The material selecced was silicon.

TABLE 5~-1 MATERIAL AND SYSTEM PARAMETERS
-
PARAMETER VALUE
| Radiuvs 0.2413 cm X
Malt Length 1.1684 cm 3 -
Conduccivicy _
Solid 1 7.5 cal/®K @ sec
Melt 16 cal/®K m sec
Density ]
Solid 2.28 gm/cm
Melt 2.53 gm/cm3d
Heat Capacity
Solid 0.241 cal/°K zm !
Malt 0.265 cal/°K zm |
Latert Heat 431 cal/gm | !
Growth Rate 2.3 mm/min | ;
A Feclet Numbar ! ;
. Solid 0.00734 ; !
3 Melc 0.00421 : o
o Melting Temperacure| 1693° K _J '

“Me melt zone surface temperature distribution used was suggested by E, Ka-n . \
!l and is {llustrated in Figure 5-1, )

The surface control functions for various combinations of MTERM ar:
{ NSYS (see Equations (3.0.23) and (3.0.24)) obtained by the methods of Chapter 1
- are illustrated in Figure 5=2.
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TEPERATURE (°X)
ABOVE
0 MELTNG

s
-
[ T L T — T T T T -7 T l
0 0.1 0.2 0.} 0.4 0.5 0.6 0.7 0.0 0.9 .o t.1
AXIAL DISTANCE 1.1684
I MELY ZONE (em)
Figure 5~! Malt Zone Surface Temperature
Distribution
om0
ox ABOVE MELTING
CURVE MTERM NSTS
1 4 3
2 6 6
3 ’ 9
1.7172 2.37% 2.978 3.581
ndle [ | 3
L) ] Lf Ll

P E—— e 4 N R A ]

AXIAL DISTANCE (cm)

UPPER SOLID

Figure 5-2 Solid Regions' Surface

Control Functions
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In light of Section 2.4, the variety of control functions depicted in
Figure 5-2 1is expected. In addition, the results of Section 2.4 suggest that
the two lower solid surface control functions that eventually are above the
melting temperature may be nmodified as 1illustrated in Figure 5-3 without
substantially changing the thermal gradients at x=0.

The relative differences between the thermal gradients (in the solid regions)
required at the interfaces (x=0.0 cm and 1.1684 cm) and those obtained using
the surface control funcuions defined in Figures 5-2 and 5-3 are listed in
Table 5-2

TABLE 5-2 RELATIVE DIFFERENCES BETWEEN THE
REQUIRED INTERFACE GRADIENTS AND THOSE
RESULTING FROM THE USE OF THE SOLID
REGIONS' SURFACE CONTROL FUNCTIONS

r
i Soilid Surface Control Relative Difference
MTERM MSYS Region Function Definition (in L® norm)
4 3 Upper Figure 5-2 0.0175
Lower Figure 5-2 0.17 !
Upper Figure 5-2 0.00012
6 ) Lower Figure 5-2. 0.00!
Lower Figure 5-3 3.056
Upper Figure 5-2 0.000027
8 9 Lower Figure 5-2 0.0013
Lower Figure 5-3 0.061 B

As an aside, in a series of test cases over a range of values for
MTERM and NSYS, the relative differences between the required interface
gradients and those obtained using surface control functions first decreased and
then increased as NSYS (or MTERM) was increased while holding fixed the value of
MTERM (or NSYS). Naturally, this is to be expected since an approximate
solution of an ill-posed problem is attempted by employing an overposed system.
This, of course, reinforces the old maxim of always examining a computed
solution for 'reasonableness.” In fact, the computer software developed (see
Appendix A) to determine the solutions of Problems Pl-1 and Pl-2 automatically
computes the relative-errors between the required interface gradients and those
resulting from the use of the surface control functions. It cannot be

overstated: always examine these relative errors before accepting a computed
solution as reasonable.

F See the Boundary Conditions (1.2.1) and (1.2.3).
5=3
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5.2 MELT ZONE SURFACE CONTROL FUNCTIONS _ OF POOR QUALITY :
The techniques developed in Chapter 4 are illustrated in this section
using waterial and system data as provided by NASA. The problem is to determine
a melt zone surface control function compatible with some solid regions’ surface
temperature distributions (provided a priori) such that flat mnmelt-solid
interfaces are achieved. The material and system parameters used are listed in
Table 5-3 and were provided by E. Rern (NASA contractor [l1]] and E. Cothran (NASA
[4]). The material selected was silicon.
TABLE 5-3 MATERYIAL AND SYSTEM PARAMETERS
PARAMETER VALUE
Crystal Radius 0.69 cm
Melt Length 1.43 cm
Conductivity
Solid 7.5 cal/%K m sec
Melt 16 cal/%K m sec
Density 3
Solid 2.28 gm/cm
Melt 2.53 gm/cm3
Heat Capacity
Solid 0.241 cal/%K gnm
Melt 0.265 cal/%K gm
Latent Heat 431 cal/gm
Growth Rate 2 wo/min b
Peclet Number :
Solid 0.01685 L
Melt 0.009638 .
Melting Temperature 1693° K

The lower and upper solid regions’ surface temperature distributions
used were suggested by E. Kern (1] and are illustrated in Figure 5-4.

The melt zone surface control functions for various ccmbinations of
MTERM and NSYS (see Equations (4.0.18)-(4.0.23)) obtained by the methods of
Chapter 4 are 1llustrated in Figure 5-5.

Because of the 111-posed nature of the problem, a variety of surfagg
control functions is expected. The relative differences between the required '
melt zone interface gradients and those obtained using the surface control .
functions defined in Figure 5-5 are listed in Table 5-4. .

+ See Boundary Condition (1.2.5)
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TABLE 5-4 RELATIVE DIFFERENCES BETWEEN THE REQUIRED
INTERFACE GRADIENTS AND THOSE RESULTING FROM
THE USE OF THE MELT ZONE SURFACE CONTROL FUNCTION

MELT-SOLID RELATIVE DIFFERENCE
MTERM NSYS INTERFACE (in L® norm)
4 Upper .53
3
Lower .24
5 6 Upper .28
Lower .07
14 9 Upper .11
Lower .13
20 12 Upper .05
Lower .04

In a series of test cases over a range of values for MTERM and NSYS,
the relative differences between the required interface gradients and those
obtained using the surface control functions first decreased and then increased
as NSYS (or MTERM) was increased while fixing the value of MTERM (or NSYS). As
in the previous section, this is to be expected because the solution technique
employed uses over-posed systems to approximately solve an ill-posed problem.
As before, the computed melt zone surface control function should be checked for
reasonableness. For example, 1t 1is quite possible that the surface control
function could be less than the melting temperature on part of the melt surface
in which case the control function should be modified or rejected. In addition,
the relative differences between the required melt zone interface gradients and
those obtained using a candidate melt zone surface control function should be
examined before accepting the control function as an approximate solution of
Problem Pl-3. Incidentally, these relative differences are approximated and
displayed by the software developed for Problem Pl-3,

5-8
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6.0 FUTURE WORK AND UNRESOLVED I[SSUES

Although the work presented in this report 1is, in 1itself, rather
complete, several side issues remain unresolved and should be included in any
continuation of this type of research. In this chapter, some of these issues
are addressed.

6.1 VERIFICATION USING FREE BOUNDARY ALGORITHMS

The basic idea of the three methods described in Chapters 3 and 4 was
to determine the properties a surface control function must have if a flat
interface was to be maintained. Unfortunately, both methods invoived many
numerical approximations and some simplifying assumptions. As an example, for
the method described in Chapter 4, the thermal distributions in the assumed
infinitely 1long solia regions were approximated by numerical methods designed
for finite length regions. In addition, the interface gradients were
approximated by finite differences (a second source of error) followed by least
squares Bessel function fits of these approximate interface gradients {(a third
possible source of error.) Thereafter, the surface control function was
approximated by solving an overposed system of equations using only a finite
number of terms in the control function (another source of error). Given these
ceveral possible sources of error, the actual interface shapes maintained using
the computed surface control function should be constructed using some
multiphase free boundary algorithm (for a survey, sce [19]). The results of such
numerical experiments should hopefully further verify the methods discussed in
this report and should indicate some future areas to be studied with error
reduction in mind.

6.2 MAINTAINING CURVED INTERFACES

Although thermal stresses, which can generate defects in the crystal,
are generally minimal for a planar interface [2{J, a slightly curved interface
shape is also quite desirable in some cases. Specifying the desired shapes, the
required surface control functions could probably (with sufficient
investigation) be constructed using methods similar to those in Chapters 3 and 4
after the introduction of transformations similar to those described in [12].

6.3 NON-DIRICHLET BOUNDARY CONDITIONS

Boundary conditions other than the Dirichlet type (Equations (FZ6),
(FZ8), and (FZ10) of Figure l-2) should be investigated. Fortunately, much of
the work for this type of problem will probably be straightforward. For
example, suppose a question 1like Problem Pl~3 1is to be solved where the
Dirichlet boundary condition (see Equation (1,2.6))

T(x,1) = h(x), 0 “ x <Q

is replaced by a boundar; condition of the type

~ a ,‘
Tr(x,l) = l\'[,’""(x,l) -5 (x)} {(6.3.1)



R mgm S
by B .

..

L]

I R oT

R

v

. _J
v ‘"ﬁv«v-«*-wu .

L

ORIGINAL PAGE I8
OF POOR QUALITY

where S(x) is the desired surface control function (for example, 1if Q =4, then
S(x) might be the temperature of a furnace wall providing radiant heating). To
solve this problem, first solve Problem P1-3 as stated in .Section 1,2, Using
the computed Dirichlet type surface control function h(x), next solve Problem
P2-3 (let x, = 0 and x4y = Q). Then place the resulting temperature
distribution T(x,r) into the boundary condition (6.3.1) and solve for the
desired surface control function S(x).

6.4 BASIS FUNCTIONS USED TO EXPAND THE CONTROL FUNCTIONS

The exponentially decaying functions used to expand the solid regions”

surface control functions (f(x) and g(x) of Equatioms (3.0.23) and 3.0.31)
respectively) were selected because they represented what a typical control
function would be intuitively expected to resemble and because they allowed for
simple integrations 1in Equations (3.0.22) and (3.0.28). However, from a
computational point of view, these basis functions are not the best' . For
example, some preliminary experiments indicate that replacing Equations (3.0.23)
and (3.0.31) by

: NSYS
f(x) = ¢, * Z ¢, EXP (—(t-i-_k-Z)z)
k=2
and

NSYS

g0= o+ D o B (-(-kr2e)?)
k=2

respectively can significantly reduce the least squares residuals of overposed
systems like Equation (3.0.25). More study is needed to find basis functions
that both further reduce the least squares residuals and are not too difficult
to integrate in equations like (3.0.22) and (3.0.28).

6.5 APPLICATIONS OF LINEAR PROGRAMMING

The linear system of equations (3.0.25) will be underposed if MTEPM+2
< NSYS, However, the desired coefficient vector C may still be determined as
follows. Let T be the residual vector of Equation (3.0.25), i.e., T = o - iC.

+ It 1is sometimes dangerous to approximate a function f(x) by a sum:

f(x)SZ c f (x)

kel
where all or most of the functions f,(x) "resemble" each other, e.g., fy(x)=
Exp(«x). This, for example, is why Ehebyshev polynomials are preferred over the
so~called standard basis, k(x)-xk, for polynomial approximation on certain
domains.

s rw—
1
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Then solve the linear programming problem (13 pg 15]

min _

subject to IC+Tr =10

(6.5.1)

In fact, such a technique might be used tq reduce the chance of say, f£f(x) of
(3.0.23), becoming positive'f (recall that the melting temperature was

translated to zero) as x approaches negative 1infinity, To accomplish this,
firsct select a grid,

x, < 12 € e <xk<o

partitioning a portion of the lower solid region, and then adjoin to (6.5.1) the
additional N constraints (see Equation (3.0.23)):

NSYS

Z e B ((e=Dx,) <0, dml, *** N
P

Some preliminary numerical experiments suggest this Idea has sufficient
potential to warrant further investigation. Although this discussion has
centered on the lower solid region, these ideas are applicable to either of the
solid regions or to the melt zone.

6.6 MODELS AND REALITY

The FZ process was modeled in this effort as a steady state proce: s on
an infinitely 1long boule. Unfortunately for the modeler (but fortunatel ' for
the commercial FZ operator), the boule has finite length *. For finite length
houles, the problem of finding the proper surface control functions to maintain
flat interfaces would now involve end effects and various time transients.

+ The partial differential equations used to establish the desired surface
control functions are quite ignorant of the fact that surface control functions
for solid regions should always be below the material melting point. In fact,
in some numerical experiments where MTERM and MSYS were large, the computed
surface control functions for one of the solid regions became greater than the

melting temperature, This 1s only one of the dangers in trying to solve an
nverposed problem.

* Fortunately, the assumptions and results of this effort are still quite

reasonable for long boules with slow growth rates.

®
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However, the basic ideas discussed in this report could probably be extended to
cover such difficulties. The resulting partial differential equations would
involve the additional term

3 .
TE T(e,r,t)

(where t represents time) and hence would be parabolic iustead of elliptic. The
boundary conditions would also be time dependent. However, the dual integral
transform pairs used in this report should still provide enough information
concerning the surface control functions (required for flat interfaces) to allow
for their construction.

In addition, the fluid djynamics of the melt zone should be
incorporated in the computation of the surface control functions. Of the topics
discussed in this chapter, this 1s undoubtedly the most difficult one to wmodel
and resolve.
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' APPENDIX A.0 THE OWNERS MANUAL ORIGINAL PACE [S
(or a user guide to develcned software) OF POOR QUALITY
’{ .
. A.l INTRODUCTION
The data input procedures and output interpretations for the sofrware
developed to approximate the solutions of Problems Pl-1, P1-2, Pl-3 and P2-1 is the
subject of this appendix. To begin, Problem P2-1 is covered in Appendix A.2
ceoo- and is followed by Problems Pl-l1 and Pl-2 in Appendix A.3. To finish, Problem
i Pl=3 is the subject of Appendix A.4.
[
%: A.2 USER CONSIDERATIONS FOR PROBLEM P2-~1 SOFIWARE
E. The data input procedure and output interpretation for the software
H developed for Problem P2-1 is the subject of this section. To begin, all the
g required data are input in the form of punched cards. The definitions and formats
4 of this input data are summarized in Table A-l.
. TABL: A-1 PROBLEM P2-1 SOFTWARE INPUT
5! PROGRAM VARIABLE U'NITSJ‘.
. STMBOL DEFINITION
: READ (5, 16) THFC, M :
: 16 FORMAT(?110)
IHFC = 1 if a cubic spline will be used to approximate
the boundary function h(x) in Condicion (2.2.4).°
= 0 if che user will supply a functional form of h(x)
(see Condition (2.2.4)). 1In this case, the user
must insert this functional form of h(x) in the sub-
routine HFC (see the software list in Appendix C.2),
; M Number of wnots used to approximacte i1(x) (see Condition
(2.2.4)) by a cubic spline (IHFCe=i). If IHFC=0, sec '-
e M=), ' !
5
2
o D0 32 I = | ,m
: READ(S,22)XD(1),YD(I) . ’
32 CONTINUE
22 FORMAT (4E20.10) :
I
li : z‘
K JQ ) The dimensiunless axial position of the Ith knot used xR C
! to approximate h(x) (see Condition (2.2.4)). Ignore
;l 1f THFCel, XD(T)€XD(I+1). ,
|
|

+
X, and R will denote the axial distance, the radial position and the rod radius ’

respectively. ©T will denote whatever temperature scale the user prefers.

A=1

| O}
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TABLE A-1 PROBLEM P2-1 SOFTWARE INPUT (CONT)

PROGRAM VARLABLE
SYMBOL DEFINITION UNITS
YD(I) The surface temparature represented by the Ith knot %
used to approximate h(x) (see Condition (2.2.4)).
Ignors if IEFCw=Q.
READ(S, Lu; P, X0, XN,MSUM,NGRID, NR
10 FORMAT(3F10.5,4110)
dimen-
P Peclet number si;:l:ss
X0 Dimensionless ax*al position of bottom boundary x/R
displayed in Figare 2-l.
Remark: The boundary temperature distribution,
A(r/R) at X0 (see Condition (2.2.2)) is
user supplied in Subroutine AFC (see Appendix
c.2).
o Dimensicnless axial position of top boundary x/R

displayed in Figure 2-1.

Remark: The boundary temperature distribution,
B(r/R) at XN (see Condition (2.2.3)) is user
supplied in Subroutine BFC (see Appendix C.2).

MSUM The first MSUM terms of the expansion in Equations
(2.2.14) are used to approximace 8 (x,r). MSUM must

be less than 21.

NGRID (XN~-X0) /NGRID is the grid size employed in System
(2.2.20). 1In addition, cthe final temperature dis-
tributicn is output for NGRID+1 axial values from X0
to IN. NGRID may not excesd 500.

NR The final temperature discribution is
output for NR+l radial values (r/R) from 0 to 1. MR
may not exceed 100.

An input sample is illustrated next in Figure A-1.

The output is labeled clearly for ease of use. The inpu
first viewed follecwed by the thermal distribution (the approximagetsgi:ingeof
Problem P2-3) given in table format (see Figure A-2). 1Incidentally, the
axial and radial positions in Figure A-2 are given in dimensionless éorm
(x/R and r/R). The thermal gradients at X0 and XN are given last
in a table format (again, see Figure A-2).
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To finish, the user must supply an algorithm to fit (in the least
squares seuse) a lipear combinatiom of functioms to a given set of data points
(see the end of Sectiom 2.2 for a short discussion). This algorithm is
required in the subroutine COEFS. In addition, an algorithm to avaluata the
Jo Bessil function (required in the subroutine JO) must be providad. These
required algorithms are generally available from the host computer libraryt or
may be obtained from various software packages such as the MMSL and FUNPACK.

T The user is warmed, however, that many host computer mathematics libraries
(with the gzeneral exception of IBM) still contain numerous faux pas that were

well known years ago and still remain uncorrected.
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A.3 USER CONSIDERATIONS FOR PROBLEMS Pl-~l1 and Pl-2 SOFIWARE

The data input procedure and output intarpretation for the software
developed for Problems Pl-1 and Pl-2 are the subjects of this section.
Recall that the general problem is to find the solid regions' surface control
functions (f(x) and g(x) in Problems Pl-l and P1l-2 respectively) which,
for the sake of flat interfaces, are compatible with the a priori given melt
zone surface temperature distribution (h(x)). At present, all the required
data are input in the form of punched cards. The definitions and formats
of the input data are summarized in Table A-2.
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TABLE A-2 PROBLEMS Pl-1 AND P1-2 SOFTWARE INPUT

PROGRAM VARIABLE TS
SYMBOL DEFINITION
READ (5,80) [HFC,M

80 FORMAT(2I10)

IHFC = | if a cubic spline will be used to approximate the
melc zone surface temperature discribution, h(x).

» 0 if the user will supply a functiomal form of h(x).
In this case, the user must insert this functiomal
form of h(x) in the subroutine HFC (see the software
list in Appeandix C.3)

M Number of knots used to approximare h(x) by a cubic spline
(IHFC=1). TIf THFC=0, set M=0.

DO 32 I = |,M
READ(5,22)XD(1),YD(I)
32 CONTINUE
22 FORMAT (2E20.10)

XO(I) The axial positrion of the Ith knot used to approximate rad
h{x). Ignore if IHFC=0. In addicion, XD(I)<XD(I+1)
and it is recommended that the axial pcsition be measured
from the lower melt-solid incerface, i.e., XD(1)=0.0.
TD(L) The surface temperature represented by the Ith knot used 9% above
to approximate h(x). Ignore if IHFC=0. . g;écing ot

D L e

2EAD(5,10)P, X0, XN, MTERM, MSUM,NGRID,NR e
10 FORMAT(3F10.5,4110) )

Melt Zone Peclec Number dimension-
ess

x0 Axial position of lower melt-solid interface; X0=0.0 1s rad
recommended.

ol Axial position of upper melc-solid interface rad

“(TERM Set to Zaro

(SNt The first MSUM cerms of cthe expansion in Equacions "
(2.2.13) are used to approximate the melt zone temperature
distribution, T(x,r). MSUM must be less cthan 21.

NGRID (X01-X0) /NGRID is the grid size emploved in Svstem

: (2.2.20). In addicticn, the melt zone cemperature dis-
tribution is oucput for NGRID/10+1 axial values from :
X0 to XN. NGRID may not exceed 500 and must be L
divisible by 10. .

AR The melt zone temperacure distribucion 1s outpuc for !
SR+l radial values (rad) from d o L. MR =ar aoC excoae, )
L00. ’

.

t All lengths will be measured in radius (rad) units,

rod is wide. The temperature scale will be
point.

e.g., 2 rad is as long as the
9K above or below the material melting

A-9
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TABLE A-2 PROBLEMS P1-1 AND P1-2 SOFIWARE INPUT (CONT)

e PROGRAM
; SYMBOL

VARIABLE
DEFINITION

UNITS

READ(5.10)P,X0, XN,MTERM,M5UM, iGRID, NR
10 FORMAT(3F10.5,4110)

PR S A

MTERM

T MSUM

NGRID

R g

Lower solid region Peclet aumber

The semi-infinite lower solid region is, for computational
purposes, truncated to a finite length. X0 is the axial
position of lower end of this truncated region. Review
the end of Sectiom ¢.3 for details. .

Axial position of lower melt-solid interface.

Integer parameter determining the size of system used
to compute the lower solid region's surface control
function. See Equation (3.0.24).

The first MSUM cerms of the expansion in Equations
(2.2.14) are used to approximate the lower solid tempera-
ture disctribution, T(x,r). MSUM must be less than 2!.

(XN-XO)/NGRID is the grid size employed in Syscem
(2.2.20). In addition, the lower solid cemperature
distribution is output for NGRID/L0+1 axial values from
X0 to XN. ©NGRID may not exceed 500 and must be divisible
by 10.

The lower solid temperature distribucion is output for
NR+! radial values (rad) from Q to !. NR may not exceed
100.

dimension-

less

rad

rad

READ(5,90)RKS,RKL,RL,NSYS
10 FORMAT(3E20.10,I10)

RKS

RKL

NSYS

Conductivity of material in lower solid region

Conductivity of material in melt zone

& 5f Equation FZ4, Figure 1-2. RL is the product
3f the growch rate, the solid materials density iand the
lacenc heat.

Number of terms in expansion of lower solid region's
surface concrol function (see Equarion (3.0.23)). NSYS
may not exceed 20.

oK

5K

sed rag"-

cal
rad sec

cal
rad sec

cal

A~10
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TABLE A-2 PROBLEMS Pl-1 AND P1-2 SOFTWARE INPUT (CONT)

VARIABLE
DEFINITION

UNITS

READ (5,21 )MINTERM ,MAXTERM,DELTERM, MINNSYSM, MAXNSYS ,DELNSYS

21 TORMAT(8T10)

The software is designed to compute the lower solid
region's surface control function for many combinacions
of MTERM and NSYS. To do this, the user must supply the
bounds and increments for the cases desired.

Lower bound on MTERM.

Upper bound on MTERM.

Inceger increment for MTERM

Lower bound on NSYS

Upper bound on NSYS

Integer increment for NSYS

READ(5,50) IOPTION,CLIP
50 FORMAT(I10,Fl10.5)

h
3
}
PROGRAM
SYMBOL
B
: MINTERM
MAXTERM
. DELTERM
by MINNSYS
<
= MAXNSYS
v DELNSYS
» ?
A
- IOPTION
2l
)
4
ol
f 1

Afcter the lower solid region's surface concrol funccion,
£(x), is determined, the user may specify certain modifica-
tions of the surface concrol function. These options are
principally of use when che surface concrol function 1is
above the material's melting point on portions of the lower
solid region's surface. If f(x) is interpreted as the %K
above or below the melting point, chen let A be the lower
endpoint of the largest subincerval of the form [4,XN] on
which £(x) is not positive. If A < X0, reassign A to be

X0. Let (XMIN,FMIN) be che minimum poinc of f(x) on the
interval [A,XN .

= Q0 if £(x) is not to be modified. In this case, CLIP mav
be assigned any value, e.g., zero.

= | if f(x) is to be redefined as:

£(x) if x > XMIN
f(x) auemmeman
FMIN otherwise

a2 if £(x) 18 to be redefined as:

£(x) if x > XMIN

f(x) ~pu————

min {f(x), CLIP} otherwise

- L
-
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TABLE A-2 PROBLEMS Pl-1 AND P1-2 SOFTWARE INPUT (CONT)

PROGRAM
SYMBOL

VARIABLE
DEFINITION

UNITS'

These options are graphically illustrated below.

% above

/ IOPTION=Q the nelting
X0 A QMIN w | P
L L } -t O

<+ CLIP

_ TOPTION < £

4 max

READ(S5,10)P,X0,XN, ITERM,MTERM ,MSUM, NGRID,NR
10 FORMAT(3F10.5,4I10)

X0

MTERM

MSUM

NGRID

Peclet number for upper solid region
Axial position of upper interface

The semi~infinite upper solid region is, for computational
purposes, truncated to a finice length. XN is che axial
position of the upper end of this truncaced region.

Number of equations (nwl,2,--: ,MIERM) of the type given in-
Equation (3.0.28) used in least squares generation af upper
solid region's surface control functiom.

The first MSUM terms of tha expansion in Equations (2.2.14)
are used to approximace the upper solid regions' temperature
distribution, T(x,r). MSUM must be less than 2l.

(X¥=-X0) /NGRID is che grid size employed in Sysctem (2.2.20).

In addition, the upper solid region's temperature distribution
is output for NGRID/10+! axial values from X0 to XN.NGRID may
not exceed 500 and must be divisible by 10.

The upper solid temp. distribution is output for NR+l
radial values (rad) from 0 to L. NR may not exceed l00.

Dixension-
less
rad

rad

READ(S5,90)RKS,RKL,RL,NSY3
90 FORMAT(3E20.10,110)

RKS

Conductivity of material in upper solid region
Conductivicy of material in melt zone

4 3f Equation F2z2, Figure 1-2. RL is the product of the
growth rate, the solid material's density and the latenc
heat

cal

3K rad sec

cal
8K rad sec

cal
sec rad<
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TABLE A-2 PROBLEMS P1-1 AND P1-2 SOFTWARE INPUT (CONT)

PROGRAM
SYMBOL

VARTABLE
DEFINITION

UNITS

NSYS

Number of terms in exponential expansion of the upper solid
region’'s surface control function (see Eguation (3.0.31))

READ (6, 25 )MINTERM , MAXTERM , DELTERM ,MINNSYS , MAXNSYS , DELNSYS
21 TFORMAT(8I10)

MINTERM
MAXTERM
DELTERM
MINNSYS
MAXNSYS

DELNSYS

As praviously defined above but applied to
the upper solid regiom.

READ (S5, 50) IOPTION,CLIP
50  FORMAT(I10,F10.5)

IOPTION

Aftar the upper solid region'’s surfice control function,
g(x), is decermined the user may specify certain modifica-.
tions of this surface control function. The opcions are
principally of use whan the surface control function is
above the material's melting point on portions of the upper
solid region's surface. The definitions of IOPTION and CLIP
are similar to cheir previocus definitions above and are
illustrated below.

h
K above
the melting
~emperature },///’ﬂ—
<0 oaN IOPN_-:.-\-Y-P-——-‘ , ’ o
0 1 .1/' ]
T ' ' | 10PTION=2 |
CLI? = p .'_/. .......
TOPTION=1]
.I. &

P e e
-
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An input sample is illustrated in Figure A-3.

The output is clearly labeled for ease of use. The melr --'ne input
data is first displayed followed by the melt zone temperature dis.iibuticn (given
in table format) and interface gradients (see Figure A-4). The lower solid
region's material and system parameters and the values of MINTERM,*°,DELNSYS
are next displayed followed by the required lower solid region interface
gradient, B(r) of Equation (1.2.1) (again see Figure A-4).

For each of various acceptable combinations of MTERM and NSYS (recall
the definitions of MINTERM,::.,DELNSYS), a lower solid region surface control
function is computed. For each of these cases, the values of MTERM and NSYS
are first displayed followed by the coefficients (see Equation (3.0.23)) used
to determine the surface control function. Using the surface ccntrol functiom,
the cemperature distribution in the lower solid region is next displayed (in
table form™). The lower solid region's interface gradient is then given
followed last by the relative difference (in the L norm) berween the required
lower solid region interface gradient and the interface gradient obtained bv
use of the surface control function (see Figure A-S).

After all the lower solid region cases (various combinations of MTERM
and NSYS) are given, the results for the upper solid region are displayed
in a similar fashion (see Figure A-6).

To finish, the user must supply the two algorithms ilescribed at the
eni of Appendix A.2. In addition, an algorithm to solve (in a least squares
sense) an overposed system of linear equations must also be provided for use
in the subroutines SOLID2 and SOLID3 (see Appendix C.3).

Lo

L
)

B

“
»
o

v
."(

* The surface control function values can be read from this table in the R=]

column,
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0,2 1.8

0,A 3.8

[\ 1Y) .6

0 A 7.0

1,0 At

I.? "3

1,4 10.0

| Y ‘l.

1.A 9,3

2.1 9,0

2-.‘ a’“

2.5 A.0

2,7 7.4

2.‘ “'

3,9 6,2

3..‘ q"

3.8 5.0

3.’ "3

é,n 3.4

4,2 2.7

', 1.'

4ok 1,04027

u,AAZ ooo -

0,00821 0,0 4,882 10 2h 00 '
0,09734 10,0 0.0 10 . 20 s00 1
0.n18097S 0,038608 0,23844 1

a8 [] 2 3 3 3
0 =0,9% R .
0,M0738 4,882 18,842 io 20 500 1
0,n18097% 0.,038008 0.2%841 s
| a 1 3 3 |
0 0,2

Figure A-3 Sample Input Fur Prcblems Pl-l1 And P!-2 Software
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A4 USER CONSIDERATIONS FOR PROBLEM P1-3 SOFIWARE

The data input procedure and output interpretation for the software
developed for Problem Pl-3 are the subjects of this section. Recall that the
problem is to find a melt zone surface control function (h(x) in Problem P1-3)
which, for the sake of flat interfaces, is compatible with the a priori given
surface temperature distributions of the two solid regioms. At present, all
the required data are input in the form of punched cards. The definitions and
formats of the input data are summarized in Table A-3.
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ORIGINAL PAGE i9
OF POOR QUALITY

. TABLE A-3 PROBLEM P1l-3 SOFTWARE INPUT
;
} PROGRAM VARIABLE uvrrst
' SYMBOL DEFINITION
J READ(5,12)P,MSUM,NGRID,NR
, - 12 FORMAT(E20.10,6I10Q)
P Pecle: number of upper solid regiom Etginsion-
MSUM The first MSUM terms of the expansion in Equations (2.2.14)
are usad to approximate the upper solid region's temparature
distribution, T{(x,r). MSUM must be less than 21.
NGRID For computational purposes, the semi-infinite upper solid
region is truncated to a finite length (SLENGTH). SLENGTH/NGRID
is the grid size employed in System (2.2.20) which is used to
approximate the temperature distribution in this truncated
upper solid region. Ia addition, the upper solid region's
tamperature discrisution is displayed for NGRID/10+! uniformly
spaced axial values. NGKID may not exceed 50C and must be
divisible by 10.
\ NR The upper solid region's temparature distribution is output
: for NR+l radial values (rad) from 0 to l. NR may not exceed
100.
' READ (5, 22)RKS ,RKL,RL, SLENGTH
: 22 FORMAT(4E20.10)
3
: RKS Conductivicy of macarial in upper solid region cal
3% rad seq
: RKL Conductivicy of material in melt zone cal
! 3% rad sec
RL £ 3f Equation F22, Figure 1-2. RL is the product of the cal
; growth rate, the solid material's density and the latent sec rad~
. heat.
4 SLENGTH| For computational purposes, the semi~-infinite upper solid rad
region is truncated to a finite length, SLENGTH. For
4 details, review the end of Section 2.3.
. READ(5,22)Q
: 22  FORMAT(4E20.10)
o] Q is the length of the melt zomne rad
: READ(5,16) IHFC, M
16 FORMAT (1015)
- * Al} lengths will be measured in radius (rad) units, e.g., 2 rad is as long as the
- rod is wide. The temperature scale will be °K above or below che material melting
point.
A-25
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TABLE A-3 PROBLEM P1-3 SOFTWARE INPUT (CONT)

PROGRAM VARIABLE UNITS
SYMBOL DEFINITION
IHFC = | 1f a cubic spline will be used to approximace the surfaca
temperacture distribucioa, g(x), of the upper solid region.
= ) {f the user will supply a functional form of g(x). Ia this|
case, the user must insert this functional form of g(x)
in the subroutine HFC (see the software list in Appendix
c.4).
M Number of knots used to approximate g(x) by a cubic spline
(IHFC=1). If IHFL=0, sec M=0.
DO 32 1 =1,M
READ(5,22)XD(T),YD(T)
32 CONTINUE
22  FORMAT (4E20.10)
(1) The axial position of the Ith knot used to approximate z(x). rad
Ignore 1if IHFC=0. In addition, XD(I) <XD(I+l) XD(1)=Q and
D (M) =Q+SLENGTH
¥D(I) The surface camperature represented by che 1D knoc used 9K below
co approximate g(x). Ignore if THFC=Q, melting
temp
READ(5,12)P,MSUM,NGRID,NR
12  FORMAT(E20.10,6I10)
P
MSUM Same definitions as above buc
applied to the lower solid region
NGRID
NR
READ (5, 22)RKS,RKL,RL, SLENGTH
22 FORMAT (4E20.10;
RKS Conductivity or material in lower solid region cal
2K rad sec
RKL Conductivity of material in melt zone cal
K rad sac
RL < 5f Equation FZ4, Figure 1-2. RL is che product of cal
the growth rate, solid macerial's density, and latcent heat sec rad
SLENGTH| For computational purposes, the semi-infinite lower solid rad
region is truncated to a finite length, SLENGTH. For details,
review the end of Section 2.3].
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TABLE A-3 PROBLEM Pl-3 SOFTWARE INPUT (CONT)

PROGRAM VARIABLE UNITS
STMBOL DEFINITION
READ(5,16) IHFC,M
16 FORMAT(10IS)
IHFC Sama definitious as pravicusly given but applied to the
surface ctemperature distribuction, £(x), of the lower solid
regicn.
DO 32 1T = 1,M
READ (5,22)XD(I),YD(I)
32  CONTINUE
22  FORMAT (4E20.10)
XD(I) The axial position of the 1%h knoc used to approximace f(x). rad
Ignore if IHFCe=0. In addition, XD(I)<XD(I+l), XD(l) =-SLENGTH,
aad XD(M)=0.0.
YD(I) The surface cemperature represenced by the Ith knoc used to °K below
approximate £(x). Ignore if IHFCe0. melting
temp.
READ(5,12)P,MSUM,NGRID,NR
12  FORMAT(E20.10,6I10)
P
MstM Same definicions as previously given buc applied
to the melt zone of length Q
NGRID
NR
READ (S, 1 6)MAXTERM ,MINTERM, MAXNSYS ,MINNSYS , DELTERM, DELNSYS
16 FORMAT(1015) ‘
1
The software is designed to compute the mel: zone surface
control function for various combinacions of MTERM and NSYS.
To do chis, the user must apply che bounds and increments for
the cases desired.
MAXTERM | Upper bound on MTERM
MINTERM | Lower bound on MTERM
MAXNSYS | Upper bound on NSYS
MINNSYS | Lower bound on NSYS
DELNSYS | Integer increment for NSYS
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An input sample is illustrated in Figure A-7.

The output i3 clearly labeled for ease of usa. The input data for :he
upper solid region is output first followed by displays of the upper solid
region's temperature distribution (given in table format) and interface gradient
(s2e Figure A-8). The lower sgolid region follows in a similar fashion
(Figure A-9). Using Equations FZ2 and FZ4 of Figure 1-2, the required
melt zome interface gradients are computed and then displayed along with
the melt zone input data (see Figure A-10). For each of various combinations
of MTERM and NSYS (recall the definition of MINTERM, --:, DELNSYS), the
expansion ccefficients of the melt zone surface control function (see Equation
(4.0.18)) are output. Using the computed surfa-e control function, the mel:
zone temperature distribution (given in table' form) and interface gradients
are displayed next followed last by the relative difference (in the L2 norm)
between the required melt zone interface gradients and those obtained by use
of the surface control function (3ee Figure A-11).

To finish, the user must supply the two algorithms described at the
end of Appendix A.2. Also, an algorithm to solve (in a least squares sense)
an overposed system of linear equations (for example, see [rh Chapter 5] ) must
be provided for use in the subroutine MELT! (see Appendix C.4 for code listing).
In addition, a nunmerical integration routine is required for use in the
subroutines INTEGL! and INTEGL2 (during sonftware verification, the numerical
quadrature code CADRE was used and is available in the IMSL package or from
the open literature [16, Chapter 7]).

*The melt zone surface control function can be read from :his table in the
R=]l column.
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APPENDIX B. CONVERGENCE OF EQUATION (2.3.11)
i Recail, from Sectionm 2.3, Equation (2.3.11)
' X -at ax
3 1 [Tz B ent )
L (X =l * =5 G e dtJe
i
K ) (2.3.11)
. . x
oy - -Bnc B, x
+ -[n - L\ Ge de | e
i = S 2 J
b 20
é where
?f S = VPZ + 4)2
i ' n n
¥
t
o a = (P+ S )/2
. n n ]
;; Bn a2 (P - Sn)/2
o 0 -
:; 3 _1S E Bnc
B — e at
. n S n
4 N ‘x
4
- and
: 3o
Ant-Bn+An 2
ﬁ In this appendix, under the assumptiosns ot Section 2.3, it w~ill be shown that
lim §_(x) =0
,m < v—o O
h
N For convenience, suspend the use of the "n" subscript and define
I G“(a,b) ’agﬁ.}blG(ml
I

€>0, then there exists some N<J

. a>0,
X
lim eax E(t)e-at
XH-o
0
N
< lim e €
- {00

wﬂﬂwﬁﬂﬂw«w.« .
~ .

Since G approaches zero as x proceeds to negative infinity, if given some

such that | G(t) | < € if t<N. Then since

oc|

(e
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Hence, since tha above € is arbirrary and a>0, the first summand of (2.3.11)

converges to zero as X proceeds to negative infinity. Next, for the second
summand of (2.3.1l1),

15
(e <]
[}
wnler—
L Y
(@]
(2]
W
[]
W
[
o
A |
o
w
»

y
< 1im 1 S EP-B:dt eBx
X S |
-» -B8x Bx
e -e e =
< lim : s ol oy =0
because lim G = 0. Hence 14im 3(x) = 0.
b wana ] e

A clever man understands the need for

proof. --Proverbs 14:15
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APPENDIX C.0 COMPUTER CODE LISTS

C.1 INTRODUCTION

The computer codes developed to solve Problems Pl~1l, Pl-2, Pl-3, and
P?2-1 are given in this appendix. The codes themselves contain numerous comments
correlating portions of the codes with sections and equations in this report.
The code for Problem P2-1 is listed in Appendix C.2 and is followed by the code
for Problems Pl-l and Pl-2 in Appendix C.3. To finish, the code for Problem
P1-3 1s listed in Appendix C.4.

C.2 COMPUTER CODE LIST FOR PROBLEM P2-1
The computer code for Problem P2-1 is listed in Figure C-1. Before

using this code, the user should review the remarks given at the end of Appendix
A.2.

- - -
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A cc HFC e USER PROVIDED (IF IWFC = n) SURFLCE TEMFERATURE ccC
ce DISTRIBUTION ce
11 ce APC e USER PROVIDED TEWPERATURE DISTRIAUTIAN CN THE ce
o cc LOWER (AYI4L POGITYON s x0) FND OF THE CYLINODCR ce
- (44 Bre e IUSER PROVIDED TEWrERATURE OISTRIAUTIAN N THE ce
. (4 UPPER (AXIAL POSITYON & xN) END OF THe CYLINOECR cc
) ¢c OUTPUT VARIABLESe ce
ce THOLD e TEWPERATURE DISTOIBUTINN ARRAY I\ THF CYLINDER  CC
O ce (FROM X0 TO XN AXTALLY. wITW NR OIVISINNS OF TWE  CC
¥ cc RABIUS) ce
1 cc GRADXO e AXTAL THERMAL GRADIENT aRRAY AT y0 cc
! .
!
E Figure C-1. Computer Code List for Problem P2-1
%
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cc GRANXN w AXTAL THERMAL GRATIENT aRRAY AT yii cc

CC VUSER SUPPLIED MATHMATICAL SOFTHaRFe ¢
ce e A LEAST SAULRES ALGORITHE Tn «ILVE nVER POSED SYSTEMS OF ce
cc LINEAR EAUATIONS (REQUIRED Il SHBRQUTYINE COEFS,) ce
cc w AN ALGORITHM TO EVALUATE BLSSFL FUNCTIONS (REAUIRED IN ce
¢C SUBRQUTINE .10) ce

cc ce
Lcrcccggccccccrccrcccrcccccccccccrcccrcccccc\6ccccrccrcccrcccccccccccrcc
AL J1.010aM
COMMON/C Y /Ry AMD(20) 401020, 080 AN(20)
CNMMON/C10/ASCRTP(20),BSCRIP (20>
COMMON/READ 1 /P, MSUM, X0, XN, LGRTD, NR
cOMnON/cs/Pfxo;) PSI(20, xox),savxczo)
COMMON/C20/4(S500),B(500),C(500),0(300),Y(%500)BrTA(S0S),GAIMA(S50S)
COMMCN/C21/THETAB(20,50%),THGL Dfl°l) T(10),GRADXY!(101),CRADX0CNE)
CHARACTER#1Y RIS,ALPHA(S)
CHARACTER#ta STARS,STAR(6) .
DATA R1S$/'Rs '/,STARS /' ettt utsnntugunnann'’/
DO 210 Lui,n
ALPHA(L)=RIS
STAR(L)a8TARS
210 CONTINUE . . .
cerccecrceceeteeerceenceecececcecececceecrcceeccecteceeacerceccecegeceeereceeec

ce ¢
cc ce
¢c RLAMD(M)aRCNT OF Jo BESSEL FCN 44
ce JU(M)=Ji (RLAMD (™)) WHERE J{ 18 ACSSEL FCN cC
¢c JILAM(MI gLt} 7RLAMD (M) ce
ce

ce
LCrCCCCfCCCCCCFC» ccarcccccccccccccccrcccccccCcCcchCrCCCCccccccCCcccccc
RLAMD( {V=3) 404A255577
RLAMD( 2;25,5200781103
RLAMO( 3)28 4537279129

RLAMOD( d4y=2iy 7915344391 -
RLAMD( SY21a,9309177086 URIGINAL PACE S
RLAMDC 6321A,0710639679 OF POOR QUALITY

RLAMD( 7)321,21163066299
RLAMD( 83Y32a,3524715308
RLAMD( 91327 ,4934791720
RLAMD(1083n,5306064684
RLAMO(11723%,77582021%
RLAMD(12)334,9170983537
RLAMD(13)340n,058425764s
RLAMO(14Y34%,1997917132
RLAMD((S)mgn, 3013883717
RLAMD (16)®49,a826098974
RLAMD (173352 624051841
RLAMO(18)355,7645107550
RLAMD(19)35A,9069383926¢
RLAMD(20) w62 ,0484691902
Ji{ 1)=0,5191274a973

( 2)320,38026a8085
( 3)20,2714%22999

( 4)3en, 2720598314
( €)=0,20658640331

( 6)z=0,1AT7248030
( 7)30,17%265A94a2

( 8)aen,1al7015507
( 9)30,1521812138

(10)3e0,4481659777
(11)80,1372969434

(12)sen, 1113246267
(13)80,1260694971

J1(18)3en, {2139A0208
J1(1S5)m0,1172111089

J1(16)3en, 1133291926

LS SN S Y S S Sy ey Sy 3y Sy 5N
- 8 kb s s s S s e e

Figure C-1. Computer Code List for Problem P2-1 (Cont)
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ha d b lbadiIE S bt i S

X7 O 2L

o

\*

- -

J1(17)=0 1009951430

11619300, 1059894730 ORIGINAL PAGE 18
J1(20)8=0,1012934989 OF POOR QUAL

DO 10 I=t,2n0
JILAM(D)s It (1Y /RLARD(T)
SQJL (I8 (1) edtr])
10 CONTINUE
CalL INPUT . .
cerececreeceeeneccrceenceeceecceeceercrcteccectececercercceecccecececeeeee

cc . . c¢
c¢ FIND COEFS FOQR AESSEL EXPANSINNS OF A¢R)eA(1) AGD B¢R1aB(1) ec
cc SPE EQUATIONS (2,2,17) AND (2,2 18) OF FINaL REPORT cc
cc

.- . . - cc
cerceecreccceercerccercacccecceeececenecteccectececeacercececcecceccceceeee
CALL AFC(1,0,A0F 1)
CALL BFCCtY,0,80F1)
00 20 I=zv,iny
R(I)=(T=1)#p,01
RHOLD=2R (1)
CALL AFC(RMOLN,ANS)
ACI)sANS»AQF
CALL BFC(AMOLN,ANS)
B(1)uaANS=nC0F1i
20 CONTINUE
CALL COEFS({R,a,101,20,A8CN2P)
CALL COEFS(R,B,101,20,85CRIP)
gngCCCtCCCCCCCCCrCCCCCCCCCCCCCCCCCCCPCCCCCCCCCCcchcFCCCrCCCCCCCCCCCCCC

y cc
¢C SOLVE FNOR THETA BAR OF EQUATION® (2,2,19) 8Y SOiVING TKE ce
cc TRINIAGONAL SYSTEM (2,2,20) = SFC FINaL REPORT ce
cc .. ) ce
cerecececrccceceerecreecrecceeccccecccececrcceccecteccercerccercececeeecccece

OXa(XNaXn) /NGRID

DX2=0Xs0X

W NGB INay

DO 30 mMmy MsUM
00 a9 1s4,L

ACI)ml NeDX2P/2,0
B(I)mu2, 0e0X20RLAMD (M) nRLAMA (M)
Clliml ,naDXaP /2,0
XuX0elaDX
CALL GBAR(M,X,ANS)
D(1)nDX20ANS
40 CONTINUE .
0C1)aD¢1)a(1,60DX*P/2,0)nAGCRIP(MIgQI1 (M) 0 &
DCLISOIL)m(,0mOX*P/2,0)aRSCRYF(M)28GJ 1 (M)20,&
CALL TRIDAG/L)
DN S0 132,NGRID
I1slatg
THETAB (Mo I)SV(II)
S0 oNNTINUE
MSTOPSNGRID+ 1 .
THETABIM, 1 YaASCRIP(M)e8QJ1(MY /2,0
THETAB (M, NSTOP)SBSCRIP (M) 30,07 (M) /2’0
30 CONTINUE
ORE{,0/NR
NRSTOPSNR¢ |
DO 60 Is1,NRSTOP
R(I)n(Tei)nOR
00 63 Nm{, MNSUM
PSI(M,I)mF(M,R(I))
oS CONTINUE
(14 CONTINUE

cc PRINT TEMPERATURES . ce

Figure C~1. Computer Code List for Problem P2-1 (Cont)
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;%dlll

P

g e RETIER ra ene  ey TT%

L ows- Y ""‘A’ J;(" M

PR 1

2y e

5

WRITE(6,7J)
70 FORMAT IM1,45X,09H * F M P E R » , ue E nyrsTrRIBgUTLIO
tN)
IFLAG=D
MRIGHT =S
MLEFTaY
t4n CONTINUE
I7 (NRSTOR LLF 4R LGHT) IFLAGE] ORIGINAL PAGE IS
MRIGHTaMING(NRSTOP, MRIGH
WRTTE(6, 1901 (R(J),JEMLEFT, IRIGHT) OF POOR QUALITY
190 FORMAT(//7/7/701H (17X, 0(F12,8,5%))
IMOLOSMRYIGHTY-MLEFT+ 1
WRITE (6,267 CALPNALL) L], INCLDY
P67 FORMAT(IH®, 17X ,hALT)
WRITE(L,268)(STARC(L) L8, 1HOLD)
268 FORMAT(1HO, 15X,0A17)
o0 200 I=t,NSTOP
[13NSTPe =]
X=X0+(Il=1)s0X
DO 202 JaM EFT,MRIGHT . ) .
cecrccecrceceecsrccnccenccccecccecceccecrcccecceeteceencercececectenecececece

ce cy

ce DETERMINE TeMPERATURE AT (X,R(JY3 et

ce SEE EQUATION (2,2.14) OF FINAL oEPQORT ‘.

c: .. . o

cerctecrnegecerecrer. ngeecceceeccceCernrceeccecCeeccreerCeteCtecster vz
THOLD (JY3¢e , 0

DO 208 M3§,MSUM . ,
THOLD (J)aTHOLD (J) 2,007 ST rH, J)nTHETAB(M, IT)/30AJLEN)
20n CONTINUF
CALL “FC(Y,ANS)
THOLD . YSTHILD(J) *ANS
202 CONTINUF
WRITF(6,207)%, (THOLD(J) s JaM EFT, MRIGKHT)
207 FORMAT(3H X=z,F10,8,5H - ,6(F{s,8,2x))
20n COANTINUE
IF(IFLAG, FG, 1060 TQ 220
MRIGHTIMRTG !Tep

MLEFTSMLEFTee
Gn T0 180
a2n CONTINIE . .
gngCCCECCCCCCCCC(CCCCCtCCCCCCCCCCCCchCCCCCCCCCCCCCCrCCCCCCCCCCCCCCCCCC
" d
CF  COMPUTE THERMAL GRADIEN.S AT xayg 4MD XN cc
ce L. e . . te
cerceccreeceetacecncecececececoecccececeereceereenceceencercteeLececrecceee
WRITE(6,71)
71 rnﬂngrcinxpnTx.SSn THERM L SRADIENT S

WRITE(6,72) %0, XN
72 FORMAT(///,a8%,1HR,SX, 11HGRAD, AT X2, 10, 14M  GRaD, AT X»,Fin,S
2,77)
00 230 Isi,i014
R(IVE(I=t)un, 0}
D0 240 wmy,uw8UN
PSI{M, I)aF(r.R(I
260 COANTINUE
230 CONTINUE
OhsaDX .
0n 2%¢9 Ing, 21
DO 260 Js+,8
T(J)=0,n
00 £70 umi,rSUM
TCIIRT(JII42,00PST (M, 2)rTHETAR(N,J) /8QJ1 (MY
arn CUNTINYE
XaX0e(Jul)enX
CALL WPE(X,ANS)

Figure C-1. Computer Code List for Pro.lem P2-1 (Cont)
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P——

Ry

TCIIaT(.1)+aNS

260 CONTINUE ORIGINAL PAGE IS
st OF POOR QUALITY

JHOLNENSTOPwideld
DO 298 M31,MSUM
TCIIBT(J)+2,00P81 (M, LYnTHETAR(N, JHCLD) /SC. 1L (M)
290 CONTINUF
X2X0e¢ (.1HOI D« 4 ) 20X
CALL HFC(X/,ANS)
TCJYasTrJ)aaNS
a8n CONTINUE
CCrCCCCfCCCCCC(CC?CCCfCCCCCCCCCCLCCCCrCCCCCCtccfcchCrCCCCCCCCCCCCCCCCCC

cc cc
(] APPROXIMATE THEAMAL GRADIENTS Ay CYLINNER ENDS cc
e w SEE EQUATIONS (2,2,21) ALD (2] 2,22) OF FINAL rCPORT ce
ce cce
cercccerce” .crccrcccrcccrccccccccrcchCCcccccccccrcc;cccrccccccrccccrcc

GRAZ L 1)2(e3aT(o)¢162T(T)n su-r:s).ua.rtq).z%-r(xo))/(1zaoc)
GﬂArx-(I) (=3e7(S)+16oT(0)=30ueTr3)+48aT(2)e254T 1)) /7(122DX)
WRITE(esJ00DR(II,GRADXOQ(LI),GRANYN(])
100 FORMAT(IN »Y9X,F8,6:3X,EL1T7,9,7X,E17.9)

P31, CONTINUE
sTQP
END

ccrccccrccccccrccrcccrcCCCCcccccrccrcrccccccCCCccchCrccccccccc:c:cccccc

ce cc
cc THIS SUBROUTINE APPROXIMATES (Rv FINITE DIFFFRENCE) G £AR OF ¢t
ce ERUATION (2,2.14) OF FINAL REPOOT ce
ce ce
CCrC»CCPCCCCCCtCCrCCcrccCCCCCCCCCCCCCrCCCCCCCcCCCCFCCrCCCrCCCCCCCCCCCCCC

SUBRQUTINE RBAR(M,XsANS)

REAL Ji1,.1LaM

CNMMON/C L /RI AMD (20)eJ1 (203,01 LAM(20)

COMMON/READ 1 /P, MSUM X0, XN, 1iGRTID, NR

EPSLONS0,01

X13X=EP S| ON

X22X+EPSI.ON

CALL HFC(X,4NS)

CALL MWFC(X1,ANS1)

CALL WFC(X2,ANS2)

GIPe(ANS2wANSI )/ (2,N=EPSLOL)

GG o (ANS2+ANS 02, 02ANS) 7 (EPSLONSEPSLON)

ANSaGaJILAMIM)

RETURN i

END
CCrCCCCCCCCCCCfCCrCtCCCCCCCtCCCCCCCCCFCCCCCCCCCCC’fCCrCCuCCCtCCCCCCCCCC'
ce .. ceC
ce THIS SURRQUTINE PROVIDES FOR bAT,A INPUT cc

cc
CCrCCCCCCCCCCCCCC(CCCCCCCCCCCCCCCCCCCFCCCCCCCCCCCCFCCrCCCCCCCCCCCCCCCCCt

SUBROUTINE INPUT

CONMON /READt /P, MSUM, X0, XN, NGRTD YR

COMMON/C26/%D (100),YD(200),C3 (4,100},

COMMON/C28/1IHFC

DIMENSION (€(4,100)

EQUIVALENCEfCI(1,1).C(1,1))
ccrcccchCCCCCCCCrccccctccccccccLttccrcccccrcCcccchCrcccccccttc::ctctcc

cc
CC SPLINE INPUT QOPTION ce
cC cc
cereceecrcccccerechcccccccccccceccceecréeccccecceccencercccrcececececcceee

WRITE(6,.9)

S FORMAT({M],87X,20HI N P U T NnATA)
REAN(S,14)InFC,M
IPCINFCNE, 1) GNTN6O

Figure C-1. Computer Code List for Problem p2-1 (Cont)
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PNy

WRITE(CH,10)™

30 FORMAT(///7/777,95K THE SURFACC TwMPERATURF JISTRIGUTINN 1S APPROXIM
1ATED 8Y THE CUBIC SPLINE THROUGW THE FOLLOWING,7d,2%H (X, TEMP) B
“ATA POINTS, ///,37H X SURF ACE TgMP))
0O 32 131,M
REAN(S,22)XM (1), Y0(1)

22 FORMAT(UE20,10)

16 FORAMAT(2110)

WRITE (6, 38)XD (1), YD (1) ORIGINAL PAGE IS
32 conrpuge (TR0 OF POOR QUALITY

CALL COFGEN
A0  CONTINUE
REAN(S,10)P, X0, XN,M3UM,NGRID,NR
10 FNRMAT(3F10.,5,4110)
WRITE(6,20)P, xo.x~.nsun NGRIL,N®

20 FORMAT(//7,56% X0 XN M3UM  NGRID

1 NR,//.iH ,3E12.4, 15.2:7)

RF TURN

END ) .. .
cercCeerecrececerecreecteecceceeeccecccecrcececcecleceencerteecceccceccececece
ce ce
cc THIS SUBRQUTINE SUPPLIES LATERAI SURFACE TEMPERATURE ce
ce e SEE EAMATION (2,2.4) OF rli.a REPORY ce
ce ce

ccrccccrcCCCccrccrcccrcccccccccccccrcrcccccccCcccrrCcrcccrchCcCCccccccc
SUBROUTINE MFC(X,ANS)
COMMON /€28 /THFC
DIMENSION C07)
IF CINFC,£G,1) GNTO8O B 7 _
CCrCCCCELrcererocrCecleeceeeeeceeecrareéceeceetecernterecceccceceececeeee

Eg USER SUPPLIFD LATERAL SURF.CL TFMPERATURE EE
EgrccrcrgccsccrccrcccfCCCCCCCCCCCCLCCrCCCCCccCcCCchCrCCCCCCCCCCCCCCCCCE
ccrccc:gcg:gcccccﬁcccccccccccccccccaciéccCCcCCcccccchCCCccctccccccccccc
gg LATERAL SURFACE TEMPERATURE FRNUIDED AY SPLINE gg
gg FIT QF USER SUPPLIED DATA (X0,¥n) e

ce
CCrCCCCCCCCCCCngrCCCFCCCCCCCCCCCCCCCCCCCCCCCCCCCCfCCCCC'CCCCCCCCCCCCCCC
60 CaLL SPLINErX,ANS)

RETURN
) END .. .- .
cerceccegececerncercecncceteccceececeercecccreteccencercecetegccegecccceee
cc R ce
cc THIS SUBROUTINE SUPPLIES Ra0Ial TEMPERATURE NISTRIBUTICN cec

ce ON LOWER ENp OF CYLINDER = SCE gRUATINN (2,2,2) COF FINAL RCPORT ceC

ce ) . . cec
CCrCCCCrerCCCCreerCrerncreteecececececricceceetececrcertececegecceeccceee
SUBROUTINE 4FC(R,ANS)
COMMON/READ 1 /P, MSUM, X0, XN, NGRIN NR
cercceereececee - crcccrccccCccccrcccccrccccc:cCcccCrCCrCCCCCCCCCCCCCCCCCC
ce . ce
CC USER SUPPLIFD LOWER END TEMPLRATURE A(R), cc

ce . .. ce
cerceececrecesresrcecrececececceceLecrcecececectececentercececceesenececece
CALL WFT(X0,ANS)

RETURN

EMD L )
cerecteerccceeeencrececrcecccceecceccceecreccececceceerecrcccoceccceccccceee
cc . ce
cc THIS SUBRQOUTINE SUPPLIES RANIaL TEMPERATURE DNISTYNIBUTICN ce
(o ON UPPFR ENp OF CYLINDER o STF rGUATIAN (2,2,3) CF FINAL REPQRT cC
cc ) ce

Figire C-1. Computer Code List for Problem P2-1 (Cont)
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(AT I

ST

G

T L

L]

ORIGINAL il ©7
OF POOR QUALITY

cecrccecrgrcecencereeccreceeceeccccceccancreteccecceccencercececcececcegececeee

SUBROUTINE AFC(R,ANS)

COMMON/READ 1 /P, MSUM s X0, XN, LGRTN ,NR .
cercteceeecceeerecececrececccecccececeLecececccecececeentercecuectececececceecee
cc . cc
ce USER SUPPLIPM® UPPER END TEMPLRATURE B(R), cc
cc ce
CCrcc6crcccccccccrcccrcc:cccccccaccrcrcccccrcCCCCcrcchCCCCCtCCCCCcccccc

CALL HFC(XN,ANS)

RETURN

END B ) )
gerccececceceeanecrecercececcccecccecrtceececeleteertcecececetceececcecee
ce ce
ce THIS SUBROUTINE FITS RESSEL SFRYES TO DATA BY LrFAST SOUARES ce
ce METHOD = SEF £QUATIONS (2,2,17) , (2,2,18) AND ¢2,2.23) ce
ce Of FINAL REPORY cc

cc . - ce
cerctegrcecreerecrcecreeececcccecccecrececcecteccertercecececgececgececeee

SUBROUTINE rOEFS(R,Y,NR,NCCEF,CPEF)

INTEGER NR,NCOEF ]

RFAL F,R(101),Y(101),COEF(20),H¥(460)

EXTFRHAL F
CCrccccrccccccrccrccccccCCCccccccccrchCCCCCCCCccchCrcccrccccccrrcccccc

cc cc
ce ""SER SUPPLIFD LFAST SQUARES HFTHOD FOLLOwWS HFRE “0 nETLRMINE cc
ce THE COEFFICTENTS OF EQUATIONS ¢2,2,17) AND (2,2 15) THE cc
cc SUBRQUTINE TFL SR RELOW IS THE Iw5L LEaST SOUA“Es FUNCTIUN cc
cc FIT ROUTINE CC
cc

cercceececeececrecrcocrccecececces ccc:crthrcccCcrcchCrcccrcccccthcccccc
CALL IFLSQ(F,R,Y,NR/COEF,MCOEF,wi,IER)
F{IER,EN.179,CR. IER EQ,130)NRTTL (6. 10)

0 FORMAT(SAH TERMINAL ERROR IN LEAST SQUARES MFTHNC,SuBRCUTI'E COEFS

1)

RETURN

ENOD ) . ) ..
cerciccoeececeecnccrecenecccecceceecceencccecceCeceencercececececccececcceace
cc ce
cc THIS FUNCTINN EVALUATES THE ZERM ORNDEQ PESSEL FuNCTION ce
ce DENOTED IN NCTATION N2el (IIl) « SEE FINAL REPCRT c

cc . R ce
CcrCCCC?CCCCCCCCCrCtCCCCCCCCCCCCCCCCCECCCCCCCCCCCCCCCrCCCCCCCCCCCCCCCCCC

REAL FUNCTION F(N,R)

COMMCN/C 1 /R R0 (20)2,31(29),J8LAN(20)

XsRLAMD(N}®R _

CALL JofXx,Y)

FuY

RF TURN

END . .
cgrccccccccccccccﬁcccccccCccCCCCCCCcchCCCCCCCcCCCCCCrCCCCCCCCCCCCCCCCCC
c . cC
ce THIS SUBROUTINE COMPUTES THE Jn GESSEL FUNCTION YsJa(X) cc
cec
CCrCCfCCchCCCrCCrCCCPtCtCCCCCCCCCCrCrCuCCCCCCCCcchCcCCCCCtCCCCCCuCCCCC

SUBROUTINE .10(X,Y) . .
cercccerceececencereccceccececcecececeecrecgeeeececcrctercccrcccccceecceeee

cc . cc
cc USER SUPPLIFD JO FUNCTION PLACER HERE, IN THIS pXaMPLE, THC ce
cc IMSL BESSEL FUNCTION MMBSJNO IS ?LLUSTAATED ce

cc cC
LcrcccccccccccrccrcccrcccccccccccccccrcccccccCCCCcrccrcccccccccccccccccc

REAL MMBAJ0

YsHMBSJO(X,TER)

RETURN

END i .. -
CCrcCCCCCCCCCCCC;rcccccccCCCCCCCCCCccrcccccrcCcfCCrCcrccchtCCCCCcCCCCCC

Figure C-1. Computer Code List for Problem P2-! (Cont)
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cc ce
ce SUBROUTINE FOR SOLVING A SYSTFM [OF LINFAR SIMULFANENUS ce
cc EQUATIONS HAVING A TRIDIAGONAL rCEFFICIENT MATR?X, nlACONALS ce
ce ARE STORFD N THE ARRAYS A, G, AlD €, TME CNMPUTCD ce
(44 SOLUTION VEFTOR V(1) , , o YLL) IS STOREN IN Tir ARRAY v, ce
cec

. cc
cereceeceececeeccrecreeceeceeccececececccecreccecrctececencercecececcceceececcece
SUBROUTINE TRIDAG(L) ,
COMMON/CR0/4(500),B(500),C(500),0(510),Y(500),BETA(SO5),GAI'™A(50S)
AFTA(L)=A(])Y
GAMMA(1)=D(1)/8FTA(L)
IFPi1x2
00 { IaIFPL,L
BETA(I)a8¢l)ed(1)*C(Ia])/BLTAV]=1)
GAMMACTIR(D(I)mACI)nGAMMACT w1 r)/BETAC])
1 CONTIMUE .

VOL)3GAMMA(] ) ORIGINAL ParzE 13
LAST= =t 1+
DO 2 Kol LAST OF POOR QUALITY
I=L=K .
VEI)SGAMMA(T)=CCI)#V(I#1)/GETA(])
2 CONTINUE
RETURN
EMD L. .- -
cerecceceeeecnencencecencecececeeccceeccecrcecececcececcencerceercocececececeece
cc c¢
ce THIS SUBROUTINE ESTIMATES LATERAL SURFACE TEMPEDATURE cc
c¢ BY ISE OF cuglc SPLINE IF THE USER SUPPLTIES A DTSCRETE SET QF  cf
cc LATFRAL SURFACE TEMPERATURLCY, cc

ce ) -. . A cc
cerceccecececccacereccrceecececeecccerrccecceetetecrecrcececcececceecceecee
SUBRQUTINE SPLINE(XINT,YINT)
COMMON/C26/%0D(1003,YD(100),C8¢4,100),4
DIMENSION Cfa, 100)
EGUIVALENCESCI(Y,1).C(1,1))
IF(XINTexD(1))2+1,2
YINT3YD (1))
RETURN
Kmi
IF(XINTeXD(K®1)V6ed,S
YTHTIYD (Ko}
RETURN
KzKel
IF ((M=x) ,GT,0) £QTO3
IF((MeK) ,LE,0) xamel . .
& YINTa(XD(K#1)wXINTI®(C(IoX)@(XDNIK*1)exINTIaw2eC]3,x))
YINPEYINTS (XINT@XO(K)})*(C(2,K)n?XINTaxN(K))eeer(d,x))

& o -

un

RETURN

END ) .. )
cCrcCreccceceecrecreacrceccecceeceeecececcecececceccenterccecececcccececece
cc ) ce
ce FIND THE 3P, INE CURYE FIT COCFFYCIENTS, FOR USE IN cOMJUNCTION ¢C
cc WITH SUBRJIUTINE SPLINE, ce
ce INPUTS o cc
cc M 32 NO, CP DATA PAIRS cc
ce XD =2 ARRAY OF X (ABCISSA) VALUFS ce
ce YR 3 ARRAY OF v (OROINATES) vai UES cc
ce QUTPUTS w ce
ce c 3 2en ARRAY OF SPLINE FIT CPEFFICIENTS (4 CNCFFICICNTY ce
ce PER TRIPLEY OF DATA POINTY), cc
cc o

cercceereceeeenecereecnceccccccecectecrcceececCeceerncercceeccgececececeee
SUBRQUTINE CCFGEN _
COMMON/C26/X0(1R0),YD(100),C8¢4,100),mM
CIMENSION Cra,100)
DIMENSION Pt100),ECI00),A(800,3Y,8(100)+2¢100),50100)

Figure C-1. Computer Code List fo. Problem P2-1 (Cont)
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LA
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EQUIVALENCE(CI(1,1).CC1,1))

NDsM

Hahe e o
50 2 Kut,H ORIGINAL FACE 3
NEKIZXD K+t )eXN(K) OF POOR QUAL‘W
PIK)=O(K) /A,

E(XIZ(YN(Ke1)eYD(X)I/D(K)
PO 3 K=2,M

A(KIBE (K)aF (Kul)
A(1,2)3=1,-0(11/0¢2)
AC193)30C11/0(2)
A(2,2)82,2(P(1)eP(2) )P (1) 0a(,2)
A(2:3)a(P(2)=P(1)2A(1,3))/74(2,2)
A{2)2B8(2)/A2,2)

no0 4 xs33,M

A(K 2182, 2(P(Ka])¢P(K))eP(Kmt)aA(K=],3)
A(X)ZB(K)aP (Kel)eB(K=])
A(Ke3)aP(KY/ZA(X,2)
R(K)=B(K)/a(K,2)

QaD(M=1) /D (M)
A(MD,1)m1,+GeA(Ma],3)
A(ND,2)3=Q.A(ND,1)*A(M,3)
R(ND)=B (M1 )aA(ND, 1) B (M)
Z(ND)Y2BINDY/A(ND,2)

no & 131 ,ND=2

KaND=1

2(K)3B(K)=alK,3)2Z(K+])
2(1)3aA(1,2)02(2)=A(1,3)22(3)

N0 7 k=1 ,M

031,/(6,20¢K))

Cl1aKIZZ(X 1m0

C(2:K)2Z2(Kel1)2qQ
Ci3sX)aYD(K)/DIKI=Z(X) P LK)
ClarK)aYD(Ke1)/D(KIeZ(K*1) 2P (K
MaMe

RETURN

END COPREN
END

Figure C-1. Computer Code List for Problem P2-1 (Cont)
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C.3 COMPUTER CODE LIST FOR PROBLEMS Pl-1 and Pl-2

The computer code for Problems Pl-l and Pl-2 is listed in Figure C-2.
Before using this code, the user should review the remarks made at the end of
Appendix A.3.

c-11 3



& . -

N UEETRES e ey g

R ]

B

[ O N

€

-
[

v .
s R

Ly !‘“!‘ ""!"-‘"v‘l‘“ ,

R e e

CCrubLLiLLLLLLnLruiLLeLneiceecegciccreccececcectececaccecocecerceeccceceee

cc
(44
c¢
ce
cc
cc
144
c¢C
¢C
(44
c¢
4+
cc
cC
cc
cC
cc
cc
cc
cC
1)
cc
cc
cc
cC
cc
cc
ce
cc
cc
cc
4
cc
cc
cc
44
c¢
cc
cc
cc
cc
cc
cc
cc
ce
ce
cc
cc
cc
ce
(44
cc
cc

PROGRAN PURPOSE~ )
CONPUTE THE UPPFR AND LOWER NFGYONS SURFACE CONTROL FUI'CTINNS
SUCH THAT FiaT SOLIDeMELT INTERFACES aRE ACHIEVED As FFRMULATED
IN PROBLEMS Piet AND #1e2 NIF FINAL REPORT (70 HiSA) TWE CONTROL

OF FLDAT INNE INTERFACES BY THE LISE OF SELECTEN BNUNDARY
CONDITIONSe BY SCIENCE APPLICATYONS, INC,

SOURCE-

SCIFNCE APPILICATIONS, INC,
HUNTSVILLE, ALARAMA

AUTHORS=
LARRY M, FOSTER
JOHN MCINTOSH

REFFRFNCE .
e THE CONTRNL OF FLOAT ZONE INTEFFACES BY THF USE OF SCLECTFO
BAUNDARY CONDITIONS =
(FINAL RFPORT « SAI=83/5034+hU)

SCIENCE APPILICATIONS

REMARKS=
= SNFTWARE NEVEI.OPED AND TCSTED ON CDe 7600/6404
UNIVAC 1108
e ALL EQUATIONS REFERENCED Il CNDE BELOW ARE CONTAINED IM TWE
FINAL REPORT=

= THE CONTROL OF FLOAT 7ONE INTERFACES AY TWE USE OF
SELFCTED BOUNDARY COLNITIONS

INPUT VARIABLFS aND FUNCTIONSa
P o PECLET NUMBLCR
MSUM e NUMRER OF TCRHS 7N SERIES EXPANSION OF
TEMPERATURE OISTRIRUTION (TWE_DFSIpCD SOLLTIOM
xe = AXIAL POSITION 0F LOWER END OF CYLINDER
XN e AXIAL POSITION F UPPER END OF CYLINDER
NGR1D e NUMBER OF GRID PnINTS USED IN NUNCRIgAL

SOLUTION QOF O, O, r, BOUNDARY VAlLUrF PRABLLM

RESULTING FROM TRANSFORMATION NF PIE THE IODELING
TEMPERATURE

NR e NUMBER DIVISIONS CF CYLINDER RADTUS uSED IN
OUTPUT OF TEMPERATURE NISTRIBUTION

RKS e SOLID THERMAL cONOUCTIVITY

RKL e LIQUID THERMAL CPANDUCTIVITY

RL e PRODUCY OF CRYSTaAL GROWTM RATE, sOLIN DCNSI®Y,
ANR LATENT WEAT OF FUSION

INFC e | IF A DISCRETE AATA PNINT FORM nf TWE SURFACE

TEMPERATURE I8 USEe PROVIDED
0 IF a4 USER DEFINER FUNCTIONAL FORM OF TME
SURFACE TEMPERATURF IS PROVIDED

(XD, YD) e USER PROVINED DATA PTS FOR THE AYJAL DIZTANCE
(XN) ANO CORRESPNANNING SURFACE TEMPERATURE (YD)

" e NUMBER OF DATA PYS, INPUT 1F IHFE: 3
SET Y0 0 IF INFC = §

HFC o USER PROVINED (IF IMFC s 0) SURFICE TEMFERATURE
FUNCTION

CASE LIMITS o THIS PROGRAM GENFRATES THE SURFAGE CNANTIOL
FUNCTIONS FOR VARINUS CONBINATIONS CF THE INOCX

14
cc
cc
cc
cc
cc
-4
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
ce
cC
cc
44
cc
ce
Cc
cc
cc
cc
cc
cc
44
cc
ce
cc
4+
ce
cc
cC

‘cC

(44
ce
ce
4+
44
ce
44
cc
cc
ce
cc
cc
ce
ce

Figure C-2. Computer Code List for Problems Pl-l1 and Pl-2
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cc
cc
cc
cc
cc
cc
cc
cc
cc
cc
cC
cc
cc
cc
c¢
cc
cc
ce
cc
cc
cc
cc
cc
cc
cC
ce
cc
cc
cc
cc
cc
cc
¢C
cC
cc
cc
cc
oL
cc
cc
cc
4
cc
c¢
cC

LIMITS MYERM uNG HRYS (SEE #0, (4,4,19) o (4,0,23) cC

OF FINAL REPORT), v DEFINE THESE ¢GMAINATIONG cc
MINTERM = TWE MINTMUM ALL.OWEC valUr ce

GF wTERM ce

MAXTERM = TWE MAXTMUW ALI.OWEC valul cc

GF MTERM 4

DELTERM = IMCREWENT OF MTERM FRAM IMINTCRM  CC

TH WAXTERM ¢

c
MINNSYS = Tug MINTMU» ALLOWFD vaLUF OF ~NSYS cC
MAXNSYS ~ THE MaX(Mlw ALLOWEG vaLUC OF ~SYS cC
CELTERM =~ INCREMENT OF NSYS FROM MINNSYS cc

70 vAXNSYS . ce

10PTION « 0 IF SOLID SURFAPE CONTROL FUNCTION 18 TO ce

REMAIN UNCHANGED ce

= | IF SOLID SURFacE cONTROL FUNCTFON 18 TO BE ce

CLIPPED (SEE DEFN, IN APPENNIS A,3) AT IT§ ce

MINIMUM VALUE (HKINTHUM VaLUe FOUND IN SUBRLUTINE cec

LINSRCH) ce

« 2 IF FUNCTICON 1S TO BE cLIPPED (SEE nEFI, I ce

APPENDIS A93) AT SnME USER SPECIFIFD vaLUE (SFE ce

cLIP) . ce

cLIP = USER SUPPLIED VAIUE OF MURIFIFD sURFACE CONTROL c¢

FUNCTION (SEE APPENDIX A3 FOR DEFN,) ce

CQUTPUT VARTABIES= ] ce

THOLD o TEMPERATURF OISTRIBUTION 4RRAY FAR EaCH REGSON “C

e« SEE SURRCUTINE MelT NF ¢Opf cec

GRAN2 = MELT ZONE LCWER TNTERFACE GRADIENT ct

GRAD3 = MELT 2ZONE UPPCR *NTERFACE GRADIENT ce

GRaANXO = THERMAL GRADICNT AT x0 FOR EACH RCGINN cc

GRADXN - THERMAL GRAGILNTS® AT XN FOR EACH REGION ce

COEF « ARRAY OF COEFFICTENTS NF SOLIF NeGIONS SURFACE ce
CONTROL, (SEE EGUATIONS ¢3,0,21) AnD (3,0,31) )

ERRL2 e THE L2 RELATIVE nlFFERENCE BETWEFN THE MEQULRED (¢

SOLID REGIONS IIL.TEoFACE GRADIENTS 1D THE ce

INTERFACE GRADIENTN ReSUL¥ING FROM THE USF OF ce

THE SOLID REGIONS SURFACE CONTROL FUNCTYIONS, cc

USER SUPPLIED MATMMATICAL SOFTHARF= ce

* A LEAST SQUARES ALGORITHM T #IT & PUNCTION Th 4 LINCAR © e

COMAINATION OF SELECTED FUNCTTIONS (REQUIRED 1IN SUBROUTINE cC

COEFS,) cc

® AN ALGCRITHM TO EVALUATE RESSPL FUNCTIONS (RENUIRED IN ce

SUBRQUTINE .10) cc

* A NUMERICAL INTEGRATION ROUTINE (RERULRED IN SUBRAUTINES ce

INTEGLL aAND INTEGL2) ce

. - - - cc
CCrCCCCCCCCCCCCCCfCCCCCCCCCCCCCCCCCCCFCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

INTEGER NELTERM,DELNSYS

REAL J1,J4LAM,uMBSJO

COMMON/C 1 /R AMD(20) ¢ J1 (200, 3L AM(20)
COMMON/CS/R(101),P83(20,108),8Q11(20)

COMMON /€9 ,CNEF(20), RN

COMMON/C10/A3CRIP(20),83CRIP (20
COMMON/C20/4(500),B(500),€(500),0(500),Y(500),8FTA(S0S),GAlMA(SAS)
cnnnON/cal/TNETAQ(EO.SOS).THnLn,lol1.r(‘o),caonu(1nl),GRAcx0(lnl)
COMMON/C22/1CASE, TMELT(3)

COMMON/C23/6RA02(101),GRAD3 (0

COCMMON/C2a/RKS 4 RXL ,RL,NSYS .

COMMON /C2S/GRADATO(101),GRADATAZ[01),ANS1(20),RAL,1020),3¢20),0,
TAMAT1(20,10),AMAT2(20,10),AL2(4n,10),8MHS(U4),"Wik(1500), 11wk (20)
COMMON/RFAD 1 /P, MYERM , MSUM, X0, XN,HEGRTD,NR

COMMON/FIXPT/IOPTION, XMIN,GNIN,FLLIP
annON/CSOIn!NTERH.mnxT[ﬂHoDCLTlRH.NIN~8v3.nAxusYSaoELNSY!
COMMON/CY 1 /THFC .
COHHONIC12/!O(100).YD(100).C1ta,100).~

COMMON/C76/1FLAG2,1FLAGS

cercceerceccecrccreccreecceceececececriceeccetececreerceceeccegeccecceeee

figure C-2. Computer Code List for Problems

Pl-1 and Pl1-2 (Cont)

[ - Y B R e

ORIGINAL F/ 25 72
c-13 OF POOR QUALITY

)



‘ Y

v

RCE TR o S AP

!

g
v %

[ Lo A

P R

- -

ce cc
cc COMPUTE TNERMAL OIfTRIBUTION ann INTERFACE GRADIENTS FrR cc
cc MELT 20NE tc
ce . B ce
ccrcccg:fcgcccnccrcccccccccccccccccccrcccccccccccchCrcccccctccccccccccc
AG2ay
IFLAG3at
ICASEay
WRITE(H5,983)
a83 FORMAT({N],SGX, 18K E L T 2 nNE)
CALL INPUT
GALL HPC (X0, aNS) ORIGINAL PAGE IS
2ImANS
CALL HFCCXN,ANS) OF POOR QUALITY
TMELT(3)=ANS
CALL MELY . .
Egrccccrcccccccccrcccccccccccccccccccrcc:ccccCCccctcchCcccccCCCCCcccccg

c
cc USING THE LNWER SOLID REGICN SUIRFACE cONTROL FUNCTION, COMPUTE c¢

ccC THE LOWER SOLID REGION THERMAL NISTRIRUTION ANN INTFRFACE ce
cc GRADIENT, (o
cc . . cc
CCrCCCg:ggcgcccccCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCrCCCCCCCCC:CCCCCCCC
3
ICASE=Q
WRITE(6,30)
30 FORMAT(1M1,52X,22HL O W E R s oL IO
CALL INPUT

00 21 MTER sMINTERM,MAXTERN,QFLTCRM
MTERMIMAXTERMeMINTERM=MTER ~
00 22 NSY xzMINNSYS,MAXNSYS3,NDCLNSYS
NSYSSMAXNSYSeMINNSYSaNSY
NNSMTERM, 2
IF(NN,LT NSY$)GO TO 22
CALL sgoLID?
IF(10PTINN,FG,0) GOTGTO
CALL LINSRCHIXMIN)
CALL FUNC(XMIN,GMIN)
TF{XMIN,GT,0,0,ANDGMIN LE 0,0) GOTAUN
XMINZ2100000,0

40 XMINEY exMIN

70 CONTINUE

CALL MELY - . 2
CngCCCtCCCCCCCCCCCCCCCCCCCCCCCCCCCCCtCtCCCCtCCCCCCCCrCCCcCCCCCCCCCCCCCt
¢ . ce
(4 OFTERMINE RFLATIVF OIFFERENCC AFTWEEN REQUIRED i'OWER STLID cc
4 REGION INTERFACE GRADIENT ANG TwE INTERFACE GRAAIENT RCSULTING cC
(] FROM USE OF THE LOWER SOLID REGYON SURFACE CONTROL FUNCTION ce
ce (44
ccrcccErEEcgggggchccccccccccccccccccciccccccccctcchCrCCCccctccccccccccc

A

WRITE(s,789) MTERM,NSYS
709 FORMAT(//, 1N ,50%,124FOR MTERM & ,12,12" AND N8¥5 s ,12)
22 CONTINUE
21 CONTINYE ) . ; ,
crccececceceeeecececenececcecceeecececeerccceceeeCecr~rclrcccececccececcceee

¢
cc . ce
ce USING THF UPPER 3SNLID REGION SunrFace cONTROL FUNCTINN, COMPYTE cC
ce THE UPPER SNLID REGION THERMAL nISTRIAUTION AND INYFRFACE ce
cc GRANIENT, ce
ce . . . ce
cCrcccggﬁggccccccccccccccccccccccccccncccccctcccccCCCrcccccccccccccccccc
=3
WRITE(6,10)
10 FORMAT(1M1,82%,224U0 P P E R 0L I DY
CaLL INnPUT

Figure C-2. Computer Code List for Problems

Pl-1l and Pl-2 (Cont)

C-14

N lla

c ¥ TRT L e

e e Sga

S B b ca e m

8



I A TV "Y;R

LR

P ]

A ML

Ll a3

'1

DO 3] MTFR ZMINTERM,MAXTERY,[ELYERM
MTERMaMAXTEAMMINTERMeMTER
DO 32 NSY sMINNSYS,MAXNSYS,DELHRYS

§ « S= » Y Vo Yol L)
:;::::;:'j;“’”"“" NSY ORIGINAL PACE 5
IFCNN,LT NSYSIGN TO 32 OF POOR QUALITY

CALL SoLIDl
{F(IQPTINN,FQ,0) GOTOABO
CALL LINSRCH({XMIN)
CALL FUNC(XMINGGMIN)
IF(XMIN,GT, G, 0,ANDGMIN,LE,0,0) GOTN90
XMINZ100000,0
90 XMINBXQeXMIN
80 CONTINUE
CALL MELT i .. , .
cecrecegececcecrneercecceceecceccececeececrcceececceceenclreccercegeceeccccececee

cC cc
cC DETERMINF RrLATIVF DIFFERENCC AFTWEEN REQUIRFD /FPER SrLID ce
cc RFGION IMTERFACE GRADIENT AND THE INTERFACE GRARIENT RCSULTING ¢

cc FROM USE OF TwE UPPER SOLID REGTIN SURFACE CONTROL FUNCTION cc

c¢ ] .. . . . cC

ccrcelrercececcenrecreccececcecccceectecreecececcececencencececccecceececeee
CALL ERROR

WRITE (6,120 IMTERM,NSYS .
120 FORMAT(/7,iu ,50X,12NFOR MTERM 2 ,12,121 aND NSYS5 = ,I2)
32 CONTINUE
21 CONTINUE

sToP

END

SUBRQUTINE MELT
4
o

REAL Ji,.J1LaM, MMBSJO
COMMON/C1 /R AMD(20)J1(20),JiLAM(20)
COMMON,/C10/ASCRTP(20),BSCRIP(20Y
COMMON/RFAD1 /P, MTERM,MSUM, X0, XH,IsGRID,NR
COMMON/CS/R0101),P51(¢20,101),8Q.08020)
COMMON/C20/,(500),8(500),C(5G0),Q(5n0),V(S50M) +BrTA(S0S),CAlMA(SAS)
COMMON/C21/THET8(20,505), THOLN,101),T(10),GRADYII(1012,GRADX0CTRY)
COMMON/C22/7CASE, THELT(3)
COMAQN/C23/6RAD2(101),6RAD3 (301
CHARACTER=17 RIS, ALPHA(S)
CHARACTER= 1R STARS,STAR(S)
5ATA RIS/'R= '/¢8TARS/ 1 aatansnatngaseenr!/
00 207 Lamt,n
ALPHA(L)aRIS
STAR(L)YZATARS
207 CONTINUE .. . - . .
cerceegreccecerecrececcecceccecececceeecececceececceccencercCececceccecceecccceee

ce ce
cc RLAMD (M)SRONT OF JO0 RESSEL FCN cc
ce JI(MISJL(RLAMD(M)) “HMERE Ji 1S mESSEL FCN . ce
ce JILAM(MYRJI] (M) /RLAMD (M) ce

cc o . ) . ‘ ce
cerececcrcccceencerceerccetecceccececreceecectececrcerceeececececcecscece

RLAMD( 1132,0048255577

RLAMD( 2)85,5200721103

RLAMD( 3)38,6537279129

RLAMDC 4)=}1,791534439}

RLAMD( $)x143,9309177046

RLAMD( 6)31A,07106398679

RLAMODC 79321,2116366299

RLAMD( 8)=24a,3524715308

RLAMD( 9)227,4934791320

RLAMD(10Y830,8638600640A4

RLAMD($1)s3y,7758202136

rigure C-2. Computer Code List for Problems

P1-1 and Pl-2 (Cont)
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RLAMD(12)334,91709A3537
RLAMO(13Y24n,0580257046
RILAMD(14)34%,1997917132
RLLAMD(1S)Yuin, 3411883717
RLAMD (16340 ,0826098074
RUAMD(17)852,52a051841)
RLAMO(18)355 7655107550
RLAMOD (193368 ,9049839241
RLAMD (20)362,04848691902
J1( 1)820,5191a74d973

J1( 2)3=n 3802648065
J1{ 3)=0,2713%22999

J1{ 4)==n,2724598314
Ji{ S)=0,2045a64331

J1( 6)80,1A772A8030
Ji( 7)=0,17%265R942

J1{ 8)men, {A17015507
J1( 9)30,1521812138
J1(10)a=n, 4ad1659777
J1(11)30,1372969434
J1(12)2=0,1113246267
J1(13)20,126069497)
J1(1d)m=n, 1213986248
J1(15)20,1172111989
J1
J

ORIGINAL PAGE '8
OF POOR QUALITY

(16)xen, 1138291926
1(17)20,1009911430
Ji1(18)s=0,1n68478883
J1(19)20,10%9595729
J1¢20)3=0,1012932989
0n S5S Is=q,20
JILAMLI)Z 11 {T)/RLAMD(])
SAJI(IY=aJ 1) *J1(])
€S5S CONTINUE N )
gngCCCCCCCCCCCCCrCCCCCCCCCCCCCCCCcrcrCCCCCcCCCCCCﬂCCrCCCCCCCCCCCCCCCCCC

cc
¢ce FIND COEFS FOR RESSEL EXPANSION® OF A(RJaA(1) AND B(R)eB(1) ce
ce SFE EQUATIONS (2.2.17) AND (2,2.18) Or FINAL REPORT ce
c¢

(44
CCrCCfoCCCCCCCCCrCCCfCCCCCCCCCCCCCCchCcCCCCCCCCCrCCrCCCcCCCCCCCCCCCCCC
CALL AFC(1,0saCF})
CALL BFCt1,0n,B0F1)
on 20 Is=y,int
R(I)=(te1120,0}
RMOLD=R(1)
CALL AFC(RMOLN,ANS)
ACI)=aNSe, 0P
CALL BFC{AHOLN,ANS)
B(l3aANS<AOF
20 CONTINUE
CALL COEFS(n,A,\01,20,ASCRIP)
CAL CoEFS(n,B,101,20,B3CRLIP)
cgrccccrccccccrccrcccccCCCcccccCCCCCcrcccccccCccccrccrccc:cccccccccccccc
[+

ce SOLVE FOR THET, AR OF EQUATIONS (2,2,19) BY SO{ VING THE ce
CC  TRIDIAGONAL SYSTEM (2,2,20) = SPE FINIL REPORT ce
ce ce
ceeececccceccccecrcecrecceececceecceeeereéceeccetercerceacececcceccceeeeree

OXs(XNeX) /NGRID

0X280X20X

LENGRID=¢

DO 884 Mm{,MSUM

DO a0 t=my,L

AT ul Ne0X*P/2,0
B(I)wel, 0eDX2*RLAMD (M) nRLAMA (M)
C(I)ml, ne0X0P/2,0

XuX0ele0X

Figure C-2, Computer Code List for Problems
Pl-1 and Pl-2 ‘Zont)
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CALL GRAR(M,X,ANS)
D{I)uDXP#ANS
40  CONTINUE ) .
D(1)8D(1)a(l, NeDX*P/2,0)wALCRIF(M)28RJ1 (M) a0 &
DCL)3D(L)w(l,0eNX*P/2,0)nBSCRIF(M)q0J1(M)20 g
CALL TRIDAGCL)
DN 50 122,NGRID
195 3C )
THETAR(M,1)aV(T])
S0  CPNTINIE
NSTOPSENGRTD+1 .
THETAB(M, 1 )3ASCRIP(M)a8QJ1(M) /2,0
THETAB(M,NSTOP)2RICRIP(M)25Q 14 (M1 /2,0
€56 COMTINUE
GOTN999
299 CNNTINUE
DR3{,0/NR o
NRSTOP=NR+ | [24] i s e
DO 60 13%,NRSTOP OF GINAL PACY 2
R(I)=(1=1)DR POOR QUALITY
D0 65 Mz}, MSUM
VARIR(T)aRLAMD (M)
CALL Jn(VaRr,Y)
PSI(M,T)=xY
oS CONTINUE
a0 CONTINUE

c - -
gcercCecrcccceccaccreecencecececcececececrcceccecteceencerccercceeeeceeccecee
ce ce
cc PRINT TEMPERATURES cc
cC . . 3 ce
cercceercececceeeerccenccececcecececcecrcceeceeteccencercecceccecccccccceee
GO TU (21,22,23) ICASE
21 WRITE(6,083)
o83 FORMAT(Hy,5aX,18H" E L T 2 ANE)
GOTN24
22 WRITE(6,30)
30 FORMAT(1H],S52X,22HL O W E R «cO0L I D
GhTN2a
23 WRITE(6,10)
10 FORMAT(1NM],52X,22%V P P E N «cOo0L I D)
24 CONTINUE
WRITE (6,70)
70 FORMAT(IH ,a5%,SO0NT E M P E R A T URE 0lsTRIBUTINON
- )
1FLAGRO
MRIGHT 6
MLEFTsy
180  CONTINUE
IF (NRSTOP ,LF NRIGHT)IFLAGSY
MRIGHTSMINQ(NRSTOP,MRIGHT)
WRITE(6,19Q0)Y(R(J)/JEMLEFT,HRIGHT)
V90 PORMAT(///7/7791H (1TX,6(F12,8,5Xx)}
WRITE(6s267) C(ALPHA(L) Lol ,"RIGKWT)
267 FORMAT ({He,17X,64A17)
WRITE(h,268) STAR(L)LEi,HRIGHT)
268 FORMAT(1HO,15%,6417)
00 200 I=y,nSTOP
ISKIPuT«y ‘
IMOLD= (18KIP+,000001)/10,0
XMOLD2CISKIP/10,0)=INOLD
TP (XHMOLD,6T,0,005) GOTO200
I7aNSTOPe =]
XexX0e(lIng)ealx
0N 202 Jam FFT,MRIGHT . .
ccrCCﬂcccccccccc;rcccccccccccccccccccrcCCcc:ctcccccCCrCCCCCCCQQCCCcccccc

Figure C-2. Computer Code List for Problems

Pl-1 and Pl-2 (Cont)
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cc
cC
cc
cc

; . ORIGINAL PACE S ce
DETERMINE T RATUR T (XN ce
SFE cou.imi"?S,;.uf oF rxm' ;éﬂonr OF POOR QUALITY ce

. . . cc
gcerecececececercLrcecrccceccccecceererceeeceececceencercecrccceccececccece

THOLN ¢JYe0,0
DO 204 wui,MSUM ; .
THOLD(JYSTHOLD(J) 2, 0008710, J)aTHETAB(M, 273 /SATL (M)

ra1 CONTINUF

CALL MFC(X,aNY)
THOLNCJYSTHAOLN (J ) +ANS

é02 CONTINUF

WRITE(6,230)%, (THOLD(J) 1 JaM EFT, MRIGHT)

210 FORMAT(3H Xa,F1i0, 8,54 r ,6(F1%5,8,2X))

ecn
ccr

a0n CONTINUE
IF(IFLAG,7G, 1960 TO 220
MRIGCHTaMRIGHT +o
MLEFTIMLEFT+6
Gn 10 189
CONTINUE .. . .
ceceeccceeeeccacceegeececcecececcceecceecceccecceaccrtecececéecceeceneee
cc
COMPUTE THERMAL GRADIENTS AT xay aND XN cc
cc

ccre

cererceecececnccrcececcceceecececececréecccectetcecacccrceecreececececceeee
G0 TO (31,37,33) ICASE

31 WRITE(6,983)
GoTN3a

32 WRITE(4,30)
GNTN3a

33 WRITE(6,10)

38 CONTINUE
WRITE(6,71)

71 FORMAT(NM 2a7X,15K T W E R M ,
KRITE(pe~2) X0, XN

GRADIEL TS

T2 FORMAT(///7,84%, 1HR,5X ) LINGRAD AT x3,F10,5,14M  GRAD, AT M=,Fin,S

24n
aln

a7a

a6n

28n

2,77)
00 230 Img,i01
RIIIB(I=1)en, 01
20 240 M=y, HSUM
YARSR (1) *RLAMN (M)
CALL JN(YaAR,Y)
PST(M,1)=aY
CONTINUE
CONTINYE
DNheeX _
00 250 1Ist,r0)
0N 260 J=t,S
T¢(J)=0,.0
00 270 M=y, MIUM
TCIYRT(J)2,00PSI(M, IINTHETAB (M, ) 79001 (M)
CONTINUE
Xux0e(Jml)any
CALL HEC(X,ANS)
TCJ)aT(.1)oaNS
CONTINUE
00 280 Jma, 10
T(J)s0,n
JHOLDENSYORe| 0ol
00 296 Mmt, MSUM .
T(IIBT(I)I*2,0°P8T (M, TIRTHFTAS(N,IHOLD) /30 (MY
CONTINUE
XaX0¢ (JHO| Dey) 20X
CALL MFC(X,ANS)
T(I)eT(J)eaNS
CONTINUE

Figure C-2. Computer Code List for Problems

Pl-l and Pl1-2 (Cor*)
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ceecCaLrceccecerccrceerereccecccceceLeerececcecteccercgreccceccgecegecceece

cc cc
cc APPROXIMATE THERMAL GRADIELTS Av CYLINDER ENDS cc
ce = SFE EQUATTONS (2,2,28) akD (27, 2,22) OF FINaL aCPOR? cec
cc

00 FORMAT(IN ,%9X,F8,643X4E17,9,7X,E17,9) o

25 CONTINUE OF POOR QUAL“{

IFCICASE NEL1)GN TO 250

GRAN2(I)aGRADXQ(T)

GRANI(TI)3GRADXN(I)
25n  CONTINUE

RETURN

END . ) i}
cereerergecceaLcernceececcceeececeeeinerceeccecteletncercecececccececccece
[ o e
ce THIS SUBROUTINE APPRGXIMATES (Rv FINITE DIFFFRENCE) G CAR Np cc
cc EQUATION (2,2.16) GF FINAL RCPQmT cc
cc

RETURN

END
LCrCCCCFCCCCCCrCCrCCCCCCCCCCCCCCCCCCCFCCCCCCCCCCCCFCCrCCC'CCCCCCCCCCCCCC
cc ce
‘¢ PURPQOSE (44
ce e PROVIDE INPUT DATA FOR SOFTWARE ce
ce e SEE APPENNIX 4,3 FOR DETLILS ce
(44 L. . cc
CCrcCccrccccccrccrcccrcccccccccccccrcrcccccc:Lccc cCCrCCCetecLCCcCcLecccccee

5

cc
CLFCCPCFCCCCCCrCCrfCCFCCCCCCCCCCCCCCCrCCCCCCCCCCCFfCCrCCCCCCtCCCFr'CCCCC

cC
CCFCCCCFCCCCCCCCCfCCC'CCCCCCCCCCLCCCCrCCCCCrtCCCCffCCrCCCCCCCCCCCCCCCCCC

GRADXN(IY2(e 3.7r°)¢x¢-7(7)-36.1ra)ouo.rte)-zs-vfxO))/<12-00)
GRAOXO(I1:(-3.7(:)016'7(0)-36.7!})0“8.?(2)-2%'?( 1))7¢1200%)
I18K1Paley

ITHOLD=(ISKIP+,000001)/10,0

XHOLD3(TSKIP/10,0)=IROLD

1F(XHOLD,GT 0,005) GATO2S!

WRITE(6,300)R(1),GRADXO(I),GRARYN(I) ORIGINAL FAGT M

SUBROUTTHE GBAR(M,XsANS)

REAL J1,JiLAN

COMMCON/CY/R| AMO(20),J1(20),J3LAM(20)
COMMON/RELD 1 /P, MTERM , MSUM, X0, X}, IGRID,NR
EPSLONZO0,01

X13X=EPS| ON

X2zX+EPSI.ON

CALL MFCCX,ANS)

Call HFC(X1,aANS1)

CALL HFC(X2,ANS?)

GBF (ANS2=ANS|)/(2,04EPSLON)

GaGw (ANS2+ANS (@2, 0nANS) /7 (EPSLONSEPSLON)
ANS2GaJ1LAMIM)

SUBROUTINE INPUT
INTEGER DELTERM,DELNSYS

COMMON/C22/1CASE  THELT(3)
COMMON/C2a/AKS , KL ,RL,NSYS
COMMON/RFAD /P, MTERM, MSUM, X0, XN, NGRTD, NR
COMMON/FIXPY/IOPTION, XMIN,GMIN, FLIP
COMMON/CIL1/THFC .
COMMON/C32/%X0(100),Y0C1003,C81(4,100),M
COMMON/C30/MINTFRM , MAXTERM, DCLTFRM, MINNSYS, MaXHYS, NELLSYS
DIMENSION Cra,1049)

DTMENSION XmMQLOC300),YHOLD(0C)
EQUIVALENCE(C1(¢1,1),C(1,.1))

WRITE(6,S)

FanAT(I/.xp ,56X,20MT N P U T D AT A)
IF(ICASE.NE.L) GOTObO

CCrCCCCCCCCCCCCCCrCCCCCCCCCCCCCCC'CCCFCCCCCCCCCCCCfCCrCCCCCCCCCCCCCCCCCC
cc . cc

rigure C-2. Computer Code List for Problems
Pl-1 and Pl-2 (Cont)
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c¢c INPUT MELT 7ONE SURFACE TEN®, neSTRIBUTION IN A DAT, SCT ce
ce FORMAT FOR 1SE Tt A CUBIC SPLIne (4 =

cc . . ) ce
CCrCCCCCCCCCCCCCCFCCCCCCCCCCCCCCCCCCCfCCCCCCCCCCCCCCCFCCCCCCCCCCCCCCCCCC

RFAD(S,80) InFC

80 FORMAT(12) .
éﬂmrc.ﬁe.a) GOT060 ORIGINAL PAG&:{_'%
299 FORMATCIq)) OF POOR QUALI

WRITE (6, 309n .
X0 FORMAT(////74/,9%% THE SURFACL TeMPERATURE DISTRYBUTION I3 APPROXIM

2ATED BY THE CUBTC SPLINE THRGUGM THE FOLLOWING,14,2%H (X, TEMPY O
=ATA POINTS,  //,3TH X SURFAGE TEmp))
DO 32 Ism1,M
READ{S,22)Xn(1),¥YN(1)

22 FORMAT(2F20,19)
WRITE(6,34)%0(1Y,Y0(])

34 FORMAT(2E20,10)

32 CONTINUE
CALL COFGEN

60 CONTINUE .. ] ..

ccrccecececcecretrecenceccecccccecceerccecccecceccercercccecceecceceecceeee

cc ce
cc INPUT ME|T 70NE PARAMETERS cc
ce cc

cercceerccceccrecrceceecceeeceeececcceerctecceecrccentercctecececccecceeee
RFAn(s,1o)P,xo,xu,nTeRn.nsun,NnnID,Nn
10 FORMAT(3F10,5,al10)
wRITE(6,953)
oS3 FORMAT(/,1H ,1GX,1MP, 20X, 2HX0, 1 RY,2HXN, TX, SHMTERI, Ax, aHMSU ,SX, SHN
oGRID, 46X, 2HNR)
WRITE(6s20)P X0, XN, MTERM,MSU ,NARID,NR
20 FORMAT(IN ,3€20,10.4110)
IF(ICASE EQ) [ )RETURN . .
cercCleocccceencerceerccececececeeeccegrecteeceeceecentertccececececcceccceee

cc cc
cc INPUT MATER?TAL CONDUCTIVITIES cc
cc

.- . . €C
cercCeergececeeeercecrcecececeecceceececcrcteccecccccencgrcccecccascececeeeee
READ(S,90)RKS,RXL ,RL,NSYS
99 FORMAT (3F20,10,110)

WRITE (6.A88)

N8B FORMAT(//,iW ,10x,3MRKS, 17X, 3MArL,17X,2%RL) .
cerccecocceceeercerecececeececcecceecrerccceceetecereceetecrececccgecccece
(44 ce
ce INPUT MATERTAL CONDUCTIVITIES cc
cc . (d 4
cercceerceececnecrecceceeceeceececececrcteccacceccencerteecececceccececceeee

WRITE(b6,a80) RXS,RXL,RL °
A0 FORMAT(IN ,3€20,10) . .
ceecclecceceeeecernceeececceceecceccecccceeceeteceeancercceeceeccececccecee
cc (44
cC INPUT calE | IMITS cec
c¢c . . cc
cercecereceecerccreeencecececccecccenreteeceetercencepcececccececccecceeee
READ(S, 2 JMINTERM MAXTERM ,DELTFOL ,MINNSYS, MAXNSYS,DELNEYS
21 FORMAT(8110)
wRITE (5,799
Y99 FORMAT(//, 1N ,9X,STHMAXTERN MYNTERM  DELTFRM  MaXNSYS  MINNSY
=8  DELNSYSY
WRITE(6,18)MAXTERM , MINTERM , DELTERM , MAXNSYS  MINNSYS, pELINSYS
18 FORMAT(IH ,%X,6(5X,1%))
READ(S,SAYINPTION,CLIP
S0 FORMAT(110,F10,.5)
RETURN
END

rigure C-2. Computer Code List for Problems
Pl-1 and Pl-2 (Cont)
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} . -

: cerccecreecceecceccerceenreeccteccccecccrercecatectceeerneesccecceseeceeceeeee
[+ 4 cc
cc PURPOSES cc
cc e PRQVIDF USER ENTRY OF FULCTTIONAL FORM OF MFLT Z0ONg SURFACE ce
4 TFMP, DISTRYEUTTON cc
cc = EVALUATE SCLIN REGIONS SURFACF CONTROL FUNECTINLS ce
e = HODIFY SOt 10 REGIONS SURTACF rNNTRQOL FUMCTTIONS USING ICP™ION cC
e AMD CLIP AS DETAILED IN APPELNTIY A3 ce

ce . . cec
ceeccrecrerccecereecrcccacceceecceecececrcceccecteceercercecreeccecececceree
SUBRQUTINE WFC(X,ANS)
COMMOM/CR/CPEF(20),RN
¢ COMMON/C22/1CaSFE,THMELT(3)
- COMMOMN/C28/0KS  AKL ,RL,NSYS
COMMOMN/READ 1 /P, MTERN,MSUN, X0, XN, 1IGRIN  NR

Ur .

z COMMOM/FIXPT  IQPTTION, XMIN,GMIN, L IP - P,

' . COMMOM/C30/7CKCUT ‘ gRlGlf\.‘\L f\\:.‘. :S‘

o COMMON/C26/CPOLY (202 ) F POOR QU

v COMMON/CR2/¥D(100),YD(100),C8(4,500),4 QUALITY
COMMON/C3I1/THFC

LT 2 S

DIMENSICN Cra,100)
o DIMEMSION 2¢20)
T EQUIVALENCE(CI1(',1)+C(1,1))
: [F(INFC FQ,1) GNTNgO
+ IF(ICASE EQ,2)6NTN20
o IF(ICASE,.EQ,.3! 6OTO40 . -
cerctecoeeccceeccgreocreceececcececeiecrgececereteteencercccecececececceecee
<C cc
ol 4 PLACE USER SUPPLIED MELY ZONE SURFACE TEWP WERE cc
e . . . cc
;CrCCCccgccccccccrcccncccccccccccccccECCcCCCcCcccctCCrccccccc:ccc:ctcccc
RETURN
60 CALL SPLINECX,ANS)
RF TURN
20 CONTINUE
ANS=0,0
D0 10 X=31,NSYS
(KIS (1=K)erxNaX)
RHCLD=0,0
IF(7(X) GT,2250,0) RuNLDIEXP(Z(x]))
ANSzANS*CQOEF (x)@ANCLD
19 CONTINUE )
IF(I0PTINN £Q o) GOTO4S
IF(X,GE XRIN) GNTOQS X
serccrcececceeceercecececcetctecectececeeccectecceccercecececceceeccceece

ISy A Y I

4

T uaL s

R

- -

44
¢ MODIFY LOWER SCLID REGICN SURFeE CcONTROL FUNCTICN o3 CEFINED cC
:C BY VALUE CF 10PTION ce
o cc
lcrccoerceceeceacgrccreceeceeccecceLeereeececeeccececertercececececececceceece
: ANSSGMIN® (2I0PTION) 4 (IOPTIOL~vaANINY (ANS,CLIP)

45 RETURN
" 40 CONTINUE
ANS=0,0
- 0f- SO x3{,NSYS
;5 ZCK)s. 1oK)n(XeX0)
A T R™QLD=o,0 .
B IF(2(K)GT,e2%50,0) RHOLDIEXP (2 (v))
bt ANSuANS+COET (K ) *RWOLD
A S0 CONTINYUE
. IF(IOPTIONN,FQ.0) GOTOSS
IFIX,LE,XMIN) GATOSS .
- sgreceecrccceeteecgrcccececceccccecccececceccecteceenceececececcceeececeeee
L -C ce
N 4 MODIFY UPPEP SOLID REGION SURFArE CONTROL FUNCTICN a8 CEFINED ce
: o BY VALUE CF IOPTION ce
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cc . cc
cerccecreccccencercccrccececcccceececrcecccecceccertercccecccccececeeceeee

ANSEGMING (2<I0OPTION) ¢ (IOPTINL ey AMING (ANS,CLIP)Y

$S RETURN
END . )
cerececececeecenecreceecccececceececceecretececcceccercercececceccegececeee
cc cc

cc TH1S SUBRQUTINE SUPPLIES RADIaL TEMPERATUYRE DISTRIBUTICN
cc ON LOWER ENN OF CYLINDER « SEE pGUATINN (2,2,2) OF FINAL RECPORT cc
cc (4 4
ccrcc'crccccc:rccrthrcrccccccccc:urcrcccrcrccccccrcchCCrcccccccccccccc
SUBROQUTINE AFC(R,ANS)
COMMON/READt /P, MTFRM "SUH.XO,!N,NGR!D.N'

CCrCCCCCCCCCCCCCCfCCCCCC(CCCCCCCCCCCCrCCCCCCCCCCCCCCCFCCCCCCECCCCCCCCCCC
cc

cc
cc USER SUPPLIFO LAWER E° TEHPERATURE A(R) cc

cc -- - cc
cerecceceecececcerecrececcrecceecceecececcecececececececcerccetccececececeeccecee
CALL HFC(X0,ANS)

RETURN

END .. S
ccrecceorccceceaccrececececececeeecececrececceecceceeacerceccrceceecececceece
cc ) ce

cc THIS SUBROUTINE SUPPLIES RADIAL TEMPERATYRE DISTRIBUTICN ce
c¢ ON UPPER ENp OF CYLINDER « SEF pQUATINN ¢2,2,2) CF FINAL REPORT e
ce ce
cerecececcecceecrcecrccecececeecccegececcceeteccercceteccecerecceeccecee

SUBRQUTINE RFC (R, ANS)

COMMON /READ1 /P, MTERM, SUM, X0, XN, 1NGRTD,NR
CCPCCCCfCCCCCCfCCfCCCfCCCCCCCCCgLCCCCFCC'CCCCCCCCCfCCcCCCCCCCCCCCC'CCCCC
(44 ce
cc USER SUPPLIFO UPPER END TEMPERATURE B(R) ce

cc
CCrCCCCCCCCCCCCCCrCCCfCCCC’CCCCCCfCrCrCCCCCCCCCCCCfCCrCC'CCCCCCCCCCCC'CC
CALL WFCIXN,ANS)

RETHRN

END ) .. . .
CCrtCCCCCCCCCCKCCrCCCCCCCCCCCCCCCCCCCrCCCCCcCCCCCCCcchCCCCCCtCCCCCCECCC
ceC ¢
(44 THIS SUBROUTINE FTITS RESSEL SFRYCS TO DATA BY LraST SQLARES cg
ceC METHQD = SEF EGUATIONS (2,2.17) , (2.2.18) AND (2, 2,2%) ce
cc OF FINAL REPQRT ce

cc ce
ccrccccrccccccrccrcccrcccccccccccccrchCCccccccccchCrcc:ccccccccccccccc
SUBRQUTINE COEFS(R,Y,NR,NCCEF,COCF)
INTEGER NR,NCOEF
REAL P RC101),Y(101),COEF(Q03,Wu(Q60)
EXTERNAL F

cerecceeececeeccenecrceccccccececcceecacréeccceetecccrccreeeecetecceeceeeee
ce e
cc USER SUPPLIFD LEAST SQUARES neTw(D FOLLOWS WERE TO nETCRMINE ec
cc THE COEFFICTENTS OF EQUATIONG (3,2,17) AND (2,2° 18), THE ce
ce SUBROQUTINE rFPLSN BELO™ I3 THE ImSL LEaAST scunﬂca FUNCYION rt ce
cc ROUTINE ce

cC ce
cerececerceceoerecacecececceecceececeerecceecectececercerceceecteceeececece
CALL IFLNO(F,R,Y,NR,COEF, NCOCF,wK,1ER)
IF(I1ER BN, 379,00 1ER EQ, lSO)hFIVC(a.ln)
"0 FﬂRHAY(ShH TERMTINAL ennon IN LEAST SQUARES METHMO,SUBRFUTINE COEFS
1)

RETURN
END
EC(CCCC?CCCCCCCCC(CCCFC'CCCCCCCCCCCCCrCCCCPcCCCCCCfCCrCCCtCCCCCCCCCCCCCC
cc
cc FUNCTION P nNSED IN SUBROUTINE CrEFS F(NsRIEBJOCLIHDA NYaR) ce
e . ce

rigure C-2. Computer Code List for Problems
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CCrCCCCFCtCCCcrcchCCKCCCCcCCCCCLCLCCfCCCCC:CchCCfCCECCCCCCCCCCCCCCCCCC
REAL FUNCTION F(N,R)
INTEGER N
REAL R,RILAMN(20)
RLAMO( 1322 404A255577
RUAMOC 2Y25_.5200781103
:LAHgES)xe.h53727°lzoq
LAM 4)z11,7915344391 . e oenr
RLAMD( Slzya, 9309177086 CRIGW™M. T
RLAMDC 6)31R, 071063979
RLAMOC 71321,2116366299 OF FOCR \““l’v
RLAMO( 8)=2a,357a715308
RLAMO(C 91327,393a791320
RLAMD(10)23n,630060064604
RLAMD(}1)333,7758202136
RLAMD(12)334,9170983537
RLAMD(12Y240,05%0257646
A AMD{14138%,1997917332
RLAMD(15Y=4h,3411883717
RLAMD(169340,40826098974
RLAMD(17)a52,6240518411
RLAMD(18)=55_7055107550
RLAMD(19135A,9049839268]
RLAMD (203367 ,0484a691902

-

XaRL_AMO (N)»R

CaLL Jolx, Y

FeY

RETURN

END
CcrcCCCfCCCCCcrCCrCCCCC'CCCCCCCCCCFrrrCCCCCcCCC'CcrtchLCCCCCCCCCCCCCCCC

44

cc TH1s SUBRCUTINE COMPUTES THE Jp BESSEL FeN, Y=Ja(X) ce
ce ce

LchCCCrCCCCC'FCErCCCCCCCCCCCCCCC'CCCFCCC'CCCCCCCCFCCrCCCrCCCCCCCCCCCFCC
SUBROUTINE .10(X,Y?

CCPCCCC’CCCCCCrCCfCCCFCCCCCCCCCCCCL'CrCCCCCFCCCCCCfCCrCCCCC'CCCCCCCCCCCC

(44 cc

ce USER SUPPLIFD Jo FCY, PLACED WERE, THE IMS{ ROUTINE MMEIJ0 . ¢c
ce IS ILLUSTRATED BELOY c:
¢¢

CC(CCCCrCCCCCCfCCrCCCCCCCCCCCCCCLCCCCFCCCC CCrCCCCrCCCCCtCCCCCCCCCCCCCCC
RFAL “Mp8J0
YaMMBSJo (X, TER)

2o TURN

NO R .. ) .. _
cerccecrecceeecccrecceeecceececceecececrececccecceccencertecececcccccectecce
c” cc
ce SUBRQUTINE FGR SOLVING A SYSTEM NF LINEAR STMULTANEQUS cc
ce ECUATIONS WAVING o TRIDIAGONAL rOEFFICIENT MATRTX, NIAGOMALS ce
cC ARE STORED TN TME ARRAYS 4, G, iAND C, THE COMPUTED ce
cec SOLUTION VEELTOR V(1) o , o YiL) I8 sroREo IN THE ARRAY V, ce

cc . . . cc
cercceeceececeeeccereceececceececeeececrcceccecceecccecercccececeececceccecee
SUBROUTINE TRIDAG(L)
COMMIN/C20/7A(500),B(500),C(500), D(SOO).V(SOO)oBrTA(SOS) GAINMA(S0%)
CCrccrc ot cccrccrcccccccc:ccccccccccrccccccccccccr:CrccCcCCthccccccccc

ce
cc COMPUTE INTERMENIATE ARRAYS OFTA AND GAMMA cc
cc
c~rccrc ceecceecceeceeececceccccececececcccceccceceercercccecceececcecceeee
BETA(L)=A(L)
GAMMA(L)=0(t)/BETA(])
[FP122

00 1 lslFPi,L .
BETA(1)=B(I)ed(1)eC(I=1)/8CTAr]=])
CAMMA(TIB(D(I)wA(])0GAMM (T /BETA(D)

S

Figure C-2. Computer Code List for Problems
Pl-1 and P1-2 (Cont)
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1 CONTINUE
cerceecegeceeerecreecerccecececeeccececeercteccecteccencercccececcecececceeee
cc cc
(14 COMPUTE FINalL STLN, VRECTOR V cc

ce . . ce
cerccreecececerecrceccccecceccececelecrEeeceecteccertercecececeeceeceerce
VELYSGAMMA (L)

LASTE{«]
0N 2 Kstl,LAST
[al=K
VCIYSGAMMA(T)=CCI)aV(Tei)/0FTA(D) OR'G'NAL PAGE is
2 ~ONTINUE OF POOR QUALITY
«ETURN
END ) .. - ]
ggcccccccccccccccccccccccccccccccccccccccccccccccccCCrcccccccccccccccccc
(44
ce THIS SURROQUTINE ODETERMINES THr (wgP sOLtD PFGIQNS SURPFACE [ 4
cc CONTROL FUNFTION AS QUTLINED IN CHARTER 3 OF FINAL REPPRY, ce

cc ce
cercceerccceeceecrcccccccteccccereceerccececechececnteercceecececccececece
SUBRCUTINE SOLIN2
REAL J1,J10AM,mM4B8J0
COMMON/CY/R| AMD(20) 231 (20) ,J3LAM(20)
COMMON/CS/R¢101),PS1(20,101),8Q.14C€20)
CONMON/CQ/CNEF (20), RN
COMMON/C22/TCASE, THELT(3)
COMMON/C23/RRADP(101),GRAD3 (30
COMMON/C28/RKS, KL » RL,NSYS
COMMON/READY /P, MTERM , MSUM, X0, XN, NGRID, NR
COMMON /€SS /F (3)
COMMON/C76/7FLAGR,IFLAGS
COMMON /CT?T/AMAT (20,20),RH3(20)
DIMENSION yv(¢101)1,C(4),IWK(C20),HWr(950)
OTMENSION Al PHA(20)
IF(IFLAG2.EN,Q) GOTQ120
WRITE(6,4484) -
nad FORMATC(IH], 31X, A0NL O ® E R «c0LTD THERMAL G R A
*DTIENTS)
WRITE(4,333)
133 FORMAT(///,1H ,52X, 1HR, 27X, 4HGRAD)
00 30 JJ=t1,101
J=102e35 . . .
EgrccccccccccccccccccccccccccccccccccrcccccccCCCcccCCrCccccccCCCCCCCCCCC
c
ce DETERMINE NWER SOLID REGICN INTYECRFACE URADIFNT SEE EQUATION cg
ce (F2a), FYGURE 1=2 OF FINAL REPORT (44
cc . . . . c¢
gccrcceceeceeceregcrceccecececeecccececeececcecececteceenceececrececececececeee
GRAN2(JIn(RXLWGRAD2(J)=RL ) /RKS
WRITE(6,55SIR(J)GRAD2(J)
€SS FORMAT({M ,39X,F20,30.,30X,E£20,10)
Y(J)sGRAN2(J)eCRAD2(101)
w0 CONTINUE . .
cercceercecccececrcccccecceeecccsceeecreececeececeenscrcececegececectceee

cc ce
cc DETERMINE CNEFFICIENTS IN QESSE! EXPANSION (3.0)}4) 44
cc

»

. - cc

tercereececeecrccrcecrececeeccceecececncecececteceertercececeeccecececeee
CALL COEFS(R,Y,t03,20,C0CF) . . .

cerccececccecccncerceccceeegceccecececrcecececeteceencerccerceécccececceeee

ce cc
cc DETERMINE MATRIX AND VECTOR ELEMENTS a8 DEFINED IN cc
ce  EQUATION (3,0.20) cc

ce

cercceeeceeccencercecececccccccececreréccecectecceccerceeecetecereccececee
D0 AD M=y ,MTERM

rigure C-2. Computer Code List for Problems

Pl-1l and P1-2 (Cont)
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R

LaMe2
RHS (L) SRLAMD (M) *J1 (M) COLF (M) /2,0
A0 CONTIMUE
80F12GRAN2(101)
ADF 3 THEL T(TCASE)
DO {03 Mmy,MTERM
ALPHA (M) aPuPed, 0wRLAMD (M) aRLANP 7H) ORIGINAL PAGE {8
ALPHA(M) = (P=SORT (ALPHA(M))}/2,0 OF POOR QUALITY
LeMe2
RHS (L) ZANS (1 )+ (ALPHA (M) =P ) nAGF 1 460OF 1
RHS (L) 2RKHS () )/ (ALPHA (M) = (PaAlPHA(M)))
«03 CONTIMUE
D0 106 May,MTERM
00 107 Kaj,NSY$
RKHNLDaK =
LeMe2
AMAT(L,x)=1 0/ (RKHOLD=ALPHA(H))
107 CONTINUE
106 CONTINUE
DO 108 KX=1,NSYS
. AMAT(1,K)=100
108 CONTINUE
RHS(1)a3A0F]
oo 109 xX=a{,NSYS
AMAT(2,K)am(Ke})
+09 CONTIMUE
RNS(2)3«80F 1
+20 CONTIMUE
IFLAG220 -
HMBMTERM+2
00 111 Ixt.s
E(l)=0,0
11 CONTINUE .. .
cerccrcecececerneercecrceececcecececeereceeccrececeentertceececrececceteeres
[

ce cc
ce SOLVE THF OVER POSEN LINEAR SYSYEM OF ECUATIONS (3,0,27) IN ce
ce THE LEAST SNUARFS SENSE, THE IMSL ROUTINE LLRGF IS TLLUSTRATED cC
cec BFLOW (SEE REMARKS AT THE ENG OF APPENOIX A, X) et
cC .

" . ce
ccreceereacecereerceerccececcecececrcrecceceecececreerccercccecececcceee
CALL LLBAF(aMAT,20,™,NSYS,RNS,2n,1,9,E,COEF,20, THK, WK, JER)

RHQOLD=0,0

00 113 Km2,NSYS

RHQLOBRHALDSCNEF (K)

143 CONTINUE

COEF (1) maOF teRWALD . - .
cereceeecceecereerccerccececcccecccecrcccccecceccerccrcceeccceccceecceeee
¢C . ce
ce DISPLAY COEFFICIENTS USED IN THe EXPANSIGON OF TWE LOWEF ce
ce SOLID REGION SURFACE CONTROL FUNCTION (SEE EQUATION (3,0,23) ) CC

c¢C . ]
cercceoececreerncerceccececceceeeceeeceescceeceetecenrccrcececececececceece
WRITE'45,130)
tan FORMAT({HY)
WRITE(0,e 77T
277 FORMAT (1M1, 19%,A3HL O W E R s 0L 0 SURFACLE ConwN
= TRO\ COEFFICICHNTS®
WRITE(6,90)
90 FORMAT(//7/7,1H ,@89%, 1HK,22X,3HC(¥))
o0 778 1ai,NSYS
WRITE(6,hd86) I, COEF(I)
n86 FORMAT(/,1H ,28%,12,10X,E20,10)
778 CONTINUE
RETURN
END o . . )
cchCCCcCCCCCCCCCrcccCCCCCCCCCCCCCCCCFCCCCCctCCCCCCCCrCCCCCCCCCCCCCCCCCC

Figure C~2. Computer Code List for Problems

Pl-1 and Pl-2 (Cont)
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cC cc
cc THIS SUBROUTINE OETERMINES The nPPER SOLID REGINKS SURFACE ce
cC CONTROL FUNRTION A4S QUTLIMEN TN CHAPTER 3 OF FINAL REPFRT, cc
cc cc

cecrectrgreececercereeccncccecececceccecreceecceececenrcecrcgceacecccecececeee
SUBROUTINE sOLIN3
REAL Jis0iLaM,umBSJ0
COMMQN/C1 /R AMD(20),J1(20),J1LAN(20)
COMMON/CS/R¢101),PS1(P0,101),8R.01(20)
COMMON /€9 /CNEF (20) ,RM

g:ﬂru«:mcaz/vc».-,g.n-fuéno3 ORIGINAL PAGE S
COMMON/C23/RRADA(101),GRADI (L0
CNNMON/C28/RKS, AKL o RL s NSYS OF POOR QUALITY

COMMON/READ1/P,MTERM, MSUM, X0, XN, NGRID,NR

COMMAON/CS3/E(a)

COMMON/C76/TFLAG2, IFLAGS

COMMON/CT?/aMAT(20,20) ,RKEL20)

OYMFNSION Y¢101),C(4),INKC20),nhw(950)

DYMENSION Ay PHAL20)

IF(IFLAGI.En,0) GOTO120

WRITE(6,444) .
ndd FORMAT(IML,T1X.00HU P P E R L 0LT1ID THERM AL G R A

*DITENTS)

WRITE(6,333)
133 FﬂRHAT(//I,lN ,52%, 1HR, 27X, 8HBRAD)

00 30 JJ=1,101

Juin2eyy . . .
cercceenceceecreercecrcceceeeecececeerececcecceceercercecrcccccecetceey
¢e ct
ce DFTERMINE UPPER SOLIN REGION TNYCRFACE YRADIFNT SEE EGUATION ce
ce (F22), FIGURE 1=2 OF FINAL ReeOR?T ce

cc . . ct
cereceerceeccercerceccececcceceececccceerécecceetecrenteecececegeeegeceeeee
GRANILIIN(RKL2GRADI(J)=RL ) /RKS
WRITE(6,55SSIR(J,GRADS(])
€SS FORMAT(IH ,19X,E20,10,10X,0120,1n)
Y(J)aGRANTI(.1)«GRAD3I(10])
10 CONTINUE
CALL COEFS(R,Y,101,20.,COLF)
c:rccrchCCCCtrccrcctrctcccc:ccccccCCrcccccccccccchCrrCCccccccccccccccc

cc

ce DETERMINE MA?RI! AND VECTOR CLEMENTS A8 DEFINED IN gQUATIONS cc
ct (3,0,26) = (3,0,28) cc
cc

CCrCCCCCCCCCCCCCCFCCCCCCCCCCCCCCCCCCCrCCCCCCCCCCCCrCCrcccccccccccccccccc
00 8¢ M3y ,MTERM
LEMe2
RHS (L) mRLAMD (M) *J1 (MIRCOEF (M) /(*2,0)
A0  CONTINUE
BOF{3GRAD3(701)
AOF | xTMELT (1CASE)
00 103 “mi ,MTER™
A PHA(M)BPwDI2, OQRLIUD(M)-RLAMQfH)
AlPNA(M)-(posoar(‘LPHA(N)))/( 29
LaMe
RHS (LY BRANS (1.) o (PealPHA (M) )nAGF 12BO0F
AHS (LYRRAHS (1) / (ALPHA(™) » (PuALPHA(M)))
103 CONTINUE
DO 106 Mmi,MTERM
00 107 X=mi,N3YS
LaMe2
AMAT(L ) K)SL,0/ (=1 ,04K$ALPHACH))
107 CANTINUE
106 CONTINUE
00 108 ¥mi,NAYS
AMAT(1,X181,0

Figure C-2. Computer Code List for Problems
Pl-1 and Pl-2 (Cont)
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cercteceeccecencereecencccceccececccegrcceecacteccencereceecececeeecceeee

cc
cc
cC
cc
cc

1

cerccececreceerecreecececccecececccccréecececcececncerceceececeececececeee

cc
¢C
cc
cc

108 CONTINUE
RHS(1)3A0F)
00 109 x=y,NSYS$
AMAT(2,KY3] =K
109 CONTINUE

120 CONTINUE
IFLAG3=20
MaMTERM®?

00 111 I=t,4
Ecl)=0,0
111 CONTIHUE

SOLVE THF OVER POSED LINEAR SYSTEM NF EQUATINNS (3,0.24) =
(3,0,28) FOR THE COEFFICIELTE Tn BE USED IN (3,0,31), THE

IMSL RQUTINF LLAGF I8 ILLUSTRATFD BELOW

.- . ¢
cerececececceerecreeeccceeeccscecececréceccececcercereceecececeececeece
CALL LLBAF(AMAT,20,M,NSYS,RN5,2n0,1,0,€,COEF, 20, FHK,wK, JER)

RHOLD=0,0

DO 113 Ka2,NSYS

RHOLD3RMOLD+COEF (k)
+3  CONTINUE

CNEF (1)=A0F 1 «RHALD

DTSPLAY COEFFICIENTS USED IN THr EXPANSION OF THE UPPEF SOLID
REGION SURFACE CONTRQOL FUNCTION (SEE EQUATION (3,0.31) )

. . - L. cC
ce. cteceeececernecreeerceececeecceeceecrceecceecteceertgetececcccccceccecce

WRITE(6,140)

16 FORMAT(141)

18

CCrCCCCCCCCCCCCCC&CCCCCCCCCCCCCCCCCCCFtCCCCCCCCCCCCCCFCCCCCCCCCCC{CCCCCC

cc
CC
cc
44
cc

cercceenceceeceneerce

90

WRITE(6,777)

777 FORMAT(1H1,19X,A3WU P P E R 0L 10 SURFACE
FIC

s TR O COEF IENTS)
WRITE(6,90)

90 FORMAT(///,1M 249X, 1HK,22X,8hC(v))
00 778 1x1,NSYS
WRITE(ssn86) 1, COEFC(I)

~86 FORMAT(/, N ,u8%,12,10X,E20,10)

778 CONTINUE
SNTN180

n CONTINUE
RETURN

END

PURPOSE

o PERFORM LINE SEARCH TO DCTERMYNE MIN, PT, ON FHE SURFACE

CONTROL FUNeT]ON, USED IF IOPTINN 31 OR 2,

SUBRCUTINE [ INSRCW(XMIN)
COMMON/READ Y /P ,MTERN ,MSUM, X0, XN, NGRTID,NR
DIMENSION FYB(105)

AmQ,0

BEXNwX(

STOREa=l,V

OELA=B/200,N

00 90 1Ism4,2n0

XsI«0ELD

CALL PUNECC(X,Y)
RHMOLDaY«STORE,
IF(RHOLO,LE, 0,060 TO 100
CONTINUE

é;f“;"VAL FVU?E EB
RWS (2)2BOF | POOR QUALITY

: ce
crreccecceceececeereececeececeeaceeceeeccgeeceececcceee

cc
cc
cc
cc

cc
cc

OnN

44
cec
ce
ce

Figure C-2. Computer Code List for Problems

Pl-1 and P1-2 (Cont)
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[T 174

A

10

10
11

12

20

28
29

a2

30
31

n GnX
ALPHAZQ 0}

”~

OFL=BeA ORIGINAL PAuE_:g
F18¢1)=t,0 UALI
F10¢2)22.0 OF POOR Q
CANTINUE
8Rat,0/A| PHa
IF(RB=2,0)10,1u.11
G0 T0 4
CONTINUE
Jd=z2
JdsJJey
FIBCJJIZFIB(JJet)+FIB(JJ=2)
A [T RB]
IF(CC=88)13,15,15
GO 10 12
WRITE (4,2) .
FORMAT(//7,10%,39MMUST CHALGE Al PHA IN SUBROUTINME LINSFCH)
Is0
KK3 1=
IKaJJ=2
BLaR=A
ALLFIBC(IK)«BL/FIRC(JY) i’
WaAeALL
VaBeAll
CALL FUNGLIW,T)
CALL FUNC(V,LU)
JK31
IKzIKey
JilzdJet
00 70 I=m1,KK
IF(u=7)20,20,22
AZAGALL
BLzRea
wWay
CALL FUNC(NW,T)
ALLSFIBCIK) «BL/FIB(JJ)
VaBeAllL
CALL PUNG(V,U)
ITz1¢¢
IXNSIK=]
JlaJJey
IF(IKe1)28,79,29
IK=y
CONTINUE
GO T0 70
Bag=aLl
BLER=)
2 1]
CALL FUNC(VY,U)
ALL sFIB(IKyeBL/FIB(IJ)
WeAeALL
CALL FUNE(W,T)
I7aley
IXSIKe]
JJslJed
IF(IK=1)30,31,31
IKay
CONTINUE

70 CANTINUE
EP3In0,0010W
DL.3WeEPS
CALL FUNEG(DL,YL)
IF(YLeT) 80,80,A)

80 CALL FUNC(B,BM)
XMINB(WeR) /2,0

rigure C-2. Computer Code List for Problems
Pl-1l and Pl-2 (Cont)

c-28

.- A

-t

P . & A

—— ——



A

.
e
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wi
vy

R T 4

I L

RGN

]

5.

e,

a1 207007

A .

el ORIGINAL PAGE 13
! £10,8,2X,2HX3,E10,4) OF POOR QUALITY

87 ACCm(WeA)/(NEL)
a99 CNNTINUE

END . . .
gcercceergeceecregreeecrceccgececececenrcceececceccencecrcececececececcecee
cc ce
cc PURPQSE . (44
ce e EVALUATE RASIS FUNCTINNS USFED IN EQUATION (3,A,23) (d4

cc . . cc
cerecceecceeecernecereececececeeceececciegrctecceeteceoncerceeececcecececccecee
SUBRQUTINE FUNCEX,Y)
COMMON/CQ/CNEF(20),RH
COMMON/C28/RKS RKL,RLINSYS
Y20,0

00 10 K=1,NSYS
Lx(foK)ax
IF(2.LE,~250,0)60 TO 10
_ YaYeCOEF(X)«EXP(2)
10 CONTINUE
RETURN
ENC L. . e . L
cercerceccccecerccreeccrcecceecceccceccecrcceccecteccerscrceerceccecceccecece
ce ce
cC PURPQSE ce
cc ® EVALUATE 12 OIFFENENCE BETLEEW THE REWUIRED SoLID RFLIONS ce
ce INTERFACF GRADIENTS AND THCSC ORTAINED BY USE OrF THg SCLID ce
ce REGIONS SURFACE CONTROL FUNCTIONS, ce
cc ce

gerccocrceceeerecrccereecceccccccccecretecceectececencereccecececeeecceeee

SUBRQUTINE FRROR
COMMON/C22/TCASFE, TMELT(3)
COMMON/C23/GRAD2(101),GRAD3(Y01) |
COMMON/C21/THETAB(20,505) , THOLDP101),7(10),GRADXK (' 01),CRADXO(LN)
IF(ICASE EG,3) GOTOSO
GXNL2=20,0
GXNLINFzn, 0
00 10 Jsy, 40y
GXNL23GXNL24GRADXNCJI*GRADXN(J)
XMAGL13ABS(GRADXN(]))
GXNLINFRANAXL (XMAGT» SXNLINF)

10 CONTINUE
GXNL2aSORT(GXNL2)
E2NUMzQ 0
EINPNUMEO, 0
00 20 K=y, {nt o
E2NUMS(GRADXN(K)IwGRAD2(K) I w22 NaL2NUM
XMAGIZABS(GRADIN(K)I®GRAD2(K))
EINFNUMBAMAX L (XMAGS s ETNFNUH)

20 CONTINUE
EANIIMSSRART (FaNUM)
ERRL2=E2NUM /GXNL 2
ERRLINFSEINPNUM/GXNLINF
GaTNSo

S0 Gx0L2=0,n
GXOLINF=n,)
00 60 JJ=1,104
GXOL2=GXOL2+GRANXO(JJIIAGRADXA ()
XMAG1sABS(GRADXO(JJ))
GXOULINFEAMAXY (XMAGTGXOLTINF)

60 CONTINUE
GXO0L23SRRT (aX0L2)
E2NUMEQ 0
EINFNUNEA,Q

Figure C-2. Computer Code List for Problems

Pl-1 and Pl-2 (Cont)
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B AN 14

Lot

FRE/ S

oo 70 KKIl.!Ol -~
g;rlmg(gp‘ommx)-cnaog(KK))unz Jeg2NIM ORIGINAL PAGE S
XMAGINABRS (CRADXN(KK)=GRADI(XK)Y)
EINFNUMSAMAX L (XMAGS,EINFNUIL) OF POOR QUALlTY
70 CONTIMUE
E2NUMBSRRT (FINUM)
ERRL2RE2NUM/GXOL2
CRRLINFSEINFNUM/GXOLINF
WRITE(6,669)
K69 FORMAT(///,1H ,26Xs3THRELATIVE nIFFERENCES BETUECN REQLUIRED)
WRITT (5,670
A70 FORMAT(IH ,S3X,234 AND OBT.TLFR GRANIENTS)
WRITE(6,h66)
~66 FORMAT(//1H ,%8%X,9HL=2 ERRQOR)
80 WRITE(b,30)FRRL2
30 FPORMAT(IH ,46X,2(9%,F10,5))

:F?URN

ND . . . .. .
cerceecceenceeerecreccecceecrccececccLecrécecceccececencertccececeececcececcee
ce . cec
ce Tn1S SUBROUTIME ESTIMATES LATERAL SURFACE TENPEQAYURE ce
cc 8Y USE OF CuBIC SPLINE IF YHE USER SUPPLIES A DYSCRFTE SET ofF cc
cc LATERAL SURFACE TEMPERATURESY, (44

ce (44
cercercececceerccreecececececeececceecrécecceececcentercce cegccececceeee
SUBROUTINE SPLINE(XINT,YINT)
COMMON /€32 /XD (3000, Y0€100),C3¢a,100),M
DIMENSTION C¢4.300)
ERUIVALENCECI(1,1)0CC1,1))
IF{XINTexD{1))2s 102
1 YINTEYD(U)
RETURN
LE 3
IF(XIMTwxD(Ke+1))06s4sS
YINTBYD(Ke!)
RETURN
KsKel
IF(tMex) 6T, 0) 60TO3
1P ((MeK) LE,0) KsMel
6 Y!Nra(xb(xoc).xtnr)'(ttl K)‘(XDIK‘X)'!I“T)i'P*CfJOK))
YINTRYINTG(XINTaXD(K)IW(CL2,h)nrXINTaXD(K))wadar (Q,Kx))
RFTURN

s wN

("]

END
SUBROUTINE rOFGEN
c:rccccccccccccccrccccccccccccccccc:crcccccccc:cc:rCCrcccccccCCCCccccccc

(44
cc FIND THE SPI INE CURVE FIT COGFFYCIEMNTS, FOR USE IN cONJUNCTION c¢C
ce WITW SUBROUTINE SPLINE, ce
44 INPUTS » ce
(34 M = NO, OF DaATa PAIRS (44
ce XD = ARRAY OF X (APCISSA) YiLup$ (44
ce YD s ARRAY OF Y (ORDINATES) va(UES ce
ce QUTPUTS « .+
ce € = 2eN ARRAY OF SPLINE FIT CNRCFPFICIENTS (4 CNEFFTCICNTS ce
ce PER TRIPLET OF DATA POINTS)Y, cc

(44 cc
cerccccrccceeeecceceerceceeeccccececececeecceeteceerceseccecegeccceccecee
COMMON/C32/%D(300),YD(300),C1(u,100),M
DIMENSION Cr4d,100)
DIMENSION P(lOu).E(loo)ol(1°0a3\ Dc100),2(300),A(100)
EQUIVALENCE(CI(1,1),C(L,1))

NhsM

HEMel

N0 2 KEy,M_
D(K)BXDIKe1)aXN(K)

rigure C-2. Computer Code List for Problems
Pl-]l and Pl-2 (Cont)
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P

7

P(K)ISBO(K) /A,
E(X)a(YDN(Kel)eYD(K))/D(K)

PO 3 x=2,M ORIGINAL PAGE ¥

A(K)IE(KI=F(K=1)
A0102)3a1,e001)/0(2) OF POOR QUALITY
AL1.3)en(LV/D(2)
A(2,2)32,0tP(3)eP(2))=P (1) 20 (,)
A(2,3)8rP(P)ePlL) A (1,3))/0¢02,2)
RA(2)=B(2)/A(2,2)

PO 4 K8, M

A(Ks2)32 . 7(P(K=1)oP(K))oP(K=t)wA(K=1,3)
R(K)RB(K) P (Kel)nB(K=])

AKX, T)mP(KY/A(X,2)
A(K)SB(K)I/A(K,2)

Q3N {(M=1)/0M)

A(MD, 1)1 0QeAlM=1,3)
A(ND,2)Y=wQuA (NN, 1)*A(M,3)

A{ND) =B (M=1)ealND,1)*B (M)
T(NDI=2BCNDY/ZA(ND,2)

NQ 6 1z§,Nne?

KaNDw]

2(K)BB(K)=a(K, V)07 (KoL)
2C1)30a(1,2)e2(2)=4(1,3)22(D)
nQ 7 x=1,M

Oxt,/(6,r0(K))

CL1,K)32(Kyn}

C(P,K)R7 (Kol )l
C(3,KIBYD(K)/D(N)=Z(X)*P(K)
CLBIKIBYD(Kke1)/D(XIeZ(Ke]) P (KD

.l LESY
RETURN

IND COFGEN
FND

rigure C-2. Computer Code List for Problems

Pl-1 and P1-2 (Cont)
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C.4

COMPUTER CODE LIST FOR PROBLEM Pl-3

The comptuer code for Problem Pl-3 is listed in Figure C-3.

3efore

using this code, the user should review the remarks made at the end of Appendix

A.A.

Cc-32



ORIGIT L Prie (G

OF POOR GUALY

- COPLLLLCLOLELLOLLILLLLLLLVLLLLLLLLLL LT Lb bbbl vt Ll b Ll ChblbbbbebblibeblLb
ce (o
CC PROGRAM PURPQSE=- . . c¢
ce COMPUTE THE MELT ZONE SURFACLC €NHTRAOL FUNCTION RCOUTREL For ce
ce FLAT SOLID=MELT INTERFACES A5 NFXCRTBED IN PROD|EM Plal ANC cec

. ce SOLVED IN CHAPTER 4 OF THE FINa( REPCRT (TO NASZ) ENTITLEQ THE cC
cc CONTROL 0OF rLOAT ZONE INTERFACES BY THE USE OF SCLECTET ce
ce BOUNDARY COMGITIGNS= BY SCIENLCE APPLICATIONS, INC, - ce
cC SGOURCE= ce
cc SCIFNCE APPI ICATIONNS, INC, ce
(o o HUNTSVILLE, ALARAMA cec
CC AUT LRS- c¢
ce LA” 7 M, FOSTER cc
cc JOHN MCINTOSH ce
¢C RFFERENCE=- ce
ce e THE COnTRAL GF FLOAT ZONE INTFRFACES BY THE USE OF SCLECTFD ce
ce 8OUNDARY CONDITIONS = cc
cc (FINAL RFPQRT = SAI=83/503ushu) b
ce SCIENCE APPI ICATIONS ce
CC HEMARKSe cec
cc » SOFTWARE NEVELOPEC AND TCS.EP 0N CCC 760076400 ce
cc UNIVAC 1108 } cc
ce o ALL EGUATTONS REFERENCED Il. CMDE BELOW ARE CONTAINER TN “WE  CC
ce FINAL REPCRT= ce
tc - THE CONTROL OF FLOAT 20Mg INTERFACES AY TME USE CF ce
cc SELFCTEDN AROUNDARY COLOTTIONS Tee
CC INPUT VARTIABLFS AND FUNCTIONS= ce
ceC P - PECLET NUMACR ce
ce MSUM e NUMBER OF TERNS r& SERTES EXPANSION OF ce
cc TEMPERATURE CISTRIAUTION (Twf DFSIRED SNLUTION) ce
ce BaS13 <USER PROVIDED FUNrTIONS TO EXPAND THE MELY Z0NE  CC
o SURFACE CONTRCL FUMCTIONe Sef EQ, 73,0,18) OF ce
¢c FINAL REPORT AND SUAROUTINE BASIS of THIS COOE, ce
ce X0 - AXIAL POSITION OF LOWER END OF CYLINNER ce
ce XN - AXIAL POSITION 0OF UPPER END NF CYLINDER cc
CC ~ NGRID « NUMBER OF GRID PAINTS USED IN NUMERICAL cc
cC SOLUTION OF 0, D, £, BOUNNDARY VALUF PRABLEM™ ce
cc RESULTING FROM TRANSFORMATION OF PRE THE FODELING CC
cc TEMPERATURE . ce
cc NR - NUMBER DIVISIONS QF CYLINDER RADTUS nSEL IN cc
cc QUTRUT OF TEMPERATHRE OISTRIAUTTON ce
cc RKS e SOLIO THERYAL €ONQUCTIVITY ce
ce RXL = LIAUID THERMAL CNANDUCTIVITY ce

. ce RL e PRODUCT OF CRYSTAL GROwTH RATFE, sGLIPD NCNSITY, cc
cc AND LATENT MEAT OF FUSION ce
ce SLENGTH - LENGTH OF SOLIN ACGINNS TO BE COKSIDFRER cc
cc Q e LENGTH QF MELT 2nNE ce
ce INFe e | IF A DISCRETE nATa PNINT FORM nf TWE ZUNFACE  CC
cc TEMPERATURE 18 USEo PROVIDED ce
cC 0 IF A USER DEFINER FUNCTIONAL FORm OF THE ce
cc SURFACE TEMPFRATURE 1S PRQVIDED cc
cc (XD,YD} e USER PROVIDED NATA PTS FOR TNE AxIAL OISTANCE cc
ce (XN) AND CORRESPANAING 3JURFACE TEMPCRATURE (YD) ce
ce ™ e NUMRER OF 0aTA PTS, INPUT IF THFF = | ce

Figure C-3. Computer Jde List For
Problem 1-3
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ce SET TO o IF IHFC = § cc
(] HFC « USER PROVIDED (IF INFC 2 0) SURFACE TEMFERMATYRE ceC
cc FUNCTION . ce
cc CASE LIMITS < THIS PROGRAM GFNFRATES THE SURFAFC CANTEOL ce
cc FUNCTIONS FOR VARINUS CONRINATIONS OF THE INOfYX ce
cc LINITS wTERM LN0D HeYS (SEF FO, (4.4 18y « (4,0,23) CC
cc COF FINAL REPORY), *C OFF INE 7HESE rﬂNBYNATION' ce
ce MINTERM = TME MINTMUM ALI.OWFD vatu€ ce
cc CF wTER= ce
ce PAXTERM - TME maXrmUm ALLOUFD vaLuUP ce
cc nr IIYER' ce
cc NDELTERM = IMCREMENT OF MTERM FRAM ['INTCRM ce
cc 7O “AXTERM ce
cc MINNSYS = THE mINTMUM ALLOUWPD valuf OF nSYS cC
ce MAXNSYS ~ TeE MAXTIMUM ALLOKED vaLUfr OF NSYS cC
ce DELTERM « JINCREMENT OF NSYS FROs MINNSYS ce
cc T0 wAXNSYS . cc
CC OUTPUT V,.RI1BIES- . ce
cC THOLD « TEMPERATURE DISTOIBUTINN ARRAY FnR EaCH REGION ce
cc - SEE SURROUTINE MpLT OF cOof cc
ce GRADXO ~ AxIal THER™LL GR:QIENT AT Xg FOR AEGINNT, ce
cc (x0 1S SET T0 Q@ fFNe UPPER SQLID RERION, aKD TF ce
cc NEGATIVE SLEMGTH FNR LNWFR SOLID REGION) ce
cc GRANMXN « AXIAL THERMAL GRACIENT aT XN FOR REGTONZ, ce
(A {xN IS SET TD SLENeTH ¢ n FOR UPPER SOLID REG ONs» cC
ce AND TC 0 FOR LOkeR SOLID REGION) ce
cc GRADATO e AXIAL THERMAL GRADIENT AT BQOTYOM CF wELT 201E (44
cc (SEE MAIN QOF COGF) (o of
cc GPADATG « AXIaL THERMAL GRACIENT AT TOP OF NMELY IMNE cec
ce (SEE mAIN OF COCE)_ N cc
cc cCPOLY « ARRAY OF COCFFFCTCNTS uSEp TO EXPAND TWC MELTY ce
cc SURFACE CONTRQL FUNCTINN (Se€ EQ, 74,0, 18) NF ¢t
ce FINAL REPORT N[ SIGRQUTINES MELTY AND HFC OF ce
cC cOong) cc
cc ERPRL20 ~ THE RELATIVE L2 nIFFERENCE BETREZL THE ce
cc DESIAFD GRADIENT AT XgXQ AND THE GDADIGNY ce
cc CBTAINED BY USING THE SURFACE CONTACL FUNCTION, ce
cc ERRL2G - TME RELATIVE L2 AIFFERENCE BETWEF! TwE ce
(4 DESIRED GRADIENT o7 XaXN aANp THE GCRADIPNT ce
cc OBTAINED BY USINLG YHE SURFACE CONTRGL sUNCTION, ce
CC VSER SUPPLIED MATHMATICAL SOthARF- cc
cc = A LEAST SQUARES ALGIRITHE TN £IT 2 FUNCTION Tn A L INCAR ce
ceC COMAINATION OF SELECTED FUNCTIONS ce
cc ® AN ALGORITHM TO EVALUATE BESSFL FUNCTIONS (REQUIRED IN cc
ce SUBROUTINE 10) ce
cc - A NUHERICAL INTEGRATION ROUTINE (REQUIRED IN gUBRAUTINES ce
(o INTEGLY AND INTEGL2) ce
cec

¢

éCrCCfCCCCCCCCCCCfCCCCCCCC'CCCCCCCCCCrCCCCCCtCCFCCfCCrCCtrCCCCCCCCCCC?CC
cC

PROGRAM MAIN(INPUT,OUTPUT, TAPE=ZINPUTY, TAPES20UTPUTY

MAIN®®aDRIVER

COMMON/READ Y /P, 4TERM, MSUM, X0, XN, NGRTD, NR

cc
CCrCCCCfCCCCCCCCCfCCCCCCCCCCCCCCCCCCCr;CCCCCCCCCCCfCCPCCCCCCCCCCCCCCCCCC

COMMOM/C21 /THETAB (20, SOSloYNCLDlIOI)oY(lo) GRADY!N(103),6RA0X0CLINT)
COMMON/C22/TCASF, TRELT(3)

COMMON/C28/RKS , RKL , R ,NSYS

cnnch/CZS/aaAoAra(toa).GNAoAvniiol).ausa(zn).ngsztpo),S(zo).ﬂ.
TAMAT1020,10),4MaT2(20,10),AL2(88,20),aN3(048),%Ni(1%00),1IwK(20)

COMMON/CRO/SLENGTH

COMMON/C32/%0(1003,Y0C100),C1¢8,§00),%

DIMENSION R(1p1)

cc DFTERMINF TFMPERATURE DISTRIGUTYON AND SRADTENTS FOR UCPER ce
ce SOLID REGION ce
ce

. e - cc
cecreceencrecccrecrecccecctecceeececcecrécceceeCeccencerceeceeccececcceeese

) Figure C-3. Computer Code List For
- Problem P1-3 (Cont)
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ICASE=3
WRITE(6.10) A,

10 FHRNAY(;N;,JQL;“WU PPERN so0L 10y ORIGINAL PACE 19
CALL INPLT OF POOR QUALITY
XNIQ+SLENGTH
x63Q
CaLL “ELY

LerceeecrgeaccenecerceccecceececcecceLrcreccecactetoercercceecececcceececee
(44 cc
cc COMPUTE GRANIENT IN mMELT ICNC AT UPPER INTERFACF (SEE COUATION cc
ce FIG. 1=2Y AnD STORE RESULT Il GPADATQ ce
(4 . - . cc
ccrcieccrccceceencereeccececceccceecccecrcececeelececrecrcceccecceeccecceece
DO 20 XS!.lﬁl
GRACATQCII=CRKS2GRAOXO(T)eRL ) /R,
20 CONTINUE

Egrccr.ccccccccr.ccrccccccccccccccccccc&éccccccCCCCcn:chccccccccccccccc‘:__c

c
cc DETFRMINE TFMPERATURE DISTRIGUTIAN anD CRALIENT FOR LOKER ce
cc SCLID REGICH ce
cc ce
cercCcereeeececrncerceccnccces cCCCCCCCCFcrCCCCCcCCrCCCrCCrCCCrCCCCCCCcCCcCCC

IC.S5€E=2
wRITE (e, 30)
30 FORMAT(1H],08%,22% O W E N c0L D)
CALL INPUT
XNZO
X0z=SLENATH
CALL MELT
ccrccrLrccccccrccrcccrccccrcccccccccrrcccccccCCCCcrCCrCCCrccccCCCcCCCCcc
cc cc
<¢ COMPUTE GRANIENT IN “ELT 2GNC AT LOYER INTERFACF (SFE CQUATION cC
cc FZda, FIG, {<2) AND STORE RESLLT [N GRADATO ce
cC (dd
LCrCCfcrCCCCCCrCCrfCC’CCCCCCCCCCCCCCCrCCCfCCCCCCCCrCCr'CCrCCCCCCCCCCCCCC
of 40 Izv,1ny
GRANATD ()= rRXSaGRADXN(T)#RL) /R¥L
40 CONTINUE

WRITECH,400)

n00 FRAMAT(1H1,38X,S6M* E L T 2 nNE THERHAAL 62 ADY

= FENTS)
n01 FORMAT(/ {H ,S50X,2aMa T INTERFACE
WRITECH,001)
nRITE(6,72)

72 FORMAT(//7,838%,116R,TX,1SHGRAD, AT x= 0,0,12X,13uGRA0, AT Xx Q)
wRITE(6,a02)

A2 FORMAT(/,iK )

00 947 xx=zy,101
RIKKYZ(MK=))n0,N]
wRITE(6,300)R (XX} ,GRADXO(KK) ,GRADXN(KKX)

100 FORMAT(1H ,I9X,FB,8,3X,E17,5,7v,E17,9)

94l CONTINUE . . .
cerceceaceeecerecrecceceececcecceccecreéceccectececrccrcceeccecceeececeee
e cc
cc DFTFRMINE MELT 2ONE CONTROL FuneTION ¢(EQUATION 3,0,18) AND ce
ce RFSULTING TEMPERATURE DISTRIGUTYCN CC
[
LcrccccrccccccrcchCCPCCCCCCCCCCLccrchtCCCcccccccrcchccrcctccthcccccc

ICASE]
wRITE(6,983)
083 FORMAT(IN],S0X, 18K E L T 2 N NE)
CALL INPUT
CALL MELTY
sTCcP

Figure C-3. Computer Code List For
Problem P1-3 (Cont)
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END . -
ccrecececececcececcrccececeeceececececctecrécececeeseccencercecececcceceececeee
cc ce
cc PURPQSE (d4
cc « DETCRMINE MELT IZONE TEMPERATUSE DISTRIAUTION cc
ce ® COMPUTE RELATTIVE ERROFS RETWEFN GRANIENTS REQUIREN AT THC ce
cc " MELY ZONE INTERFACES AND THASF OBTAINED USTING THE SUFFACC ce
ce CANTROL. FuncTION cc

cC . . 44
cereccecrececcecrececeercceeceeececececcccecceececceceencercceececeecececceece
SUBROUTINE FOSTFER
COH"ONIHFACt/P.ﬂTtﬂﬂ.NSUN.XD.!N.GGRXD,MR
COMMON /€21 /THETAR(20,505), THCLN7101),T(10),GRADYII(101),GRACXO(1DY)
COHMON/C22/71CASE, THELT(S)
COMMON/CRE/RKS, RKL, L. NSYS = .
COMMON/CAS/GRADATO(101),6RA0ATA?101),RNS1(20),RK52(20),5(20).0,
TAMATS(20,100,4MAT2(20,10),4L2(48,20),RHS(¢43),"Nr{1500),1I%(20)
COMMON/CA0/SLENRTH &
X0=0
XNz}
CALL MELT

GATAL220,0

GATALIN=N,Q
GATOL230,0 ORIGINAL PACE 19
GATOLIN=A, O
o0 SO0 J=i,101 ) OF POOR QUAL‘TY
GATAL23GATR! 24GRADATA(J) 2GR ALATN ()
GATOL23GATOL 2¢GRADATOCIIeGRALATYA(T)
XMAGIZABS (GRADATO(J))
AMAG2xABS(GRADATO(J))
GATOLINZAMAX](XMAGL,GATOLIH)
GATQULINZAMAXY (X™AGR2,GATGLIN)

S0 CONTINUE
GATAL23SART(GATNAL2)
GATRL23SART (GATAL2)
E£2NUMO020,0
EPNUMO32 3
ENFNO=20,0
ENFNQSQ N
00 60 Xs=v,in} ]
E2NUMOZ (GRANATO(K)=GRADXO(K ) wa) 0+E2NUMO
EXNUMQB{GRANATQ(K)I2GRADXN(K ) Jend 0+E2NUME
XMAGISABS (GRADATO(X)I®GRADXO(K))
AMAGREABS(GRADATO(K)GRADXL(K))
ENFNOBAMAX] PXMAGS,ENFNG)
ENFNGRAMAX ] (XMAGR,ENFNQ)

60 CONTINUE
E2NUMO=SART (EINUMD)
E2NUMQaSART (E2NUMG)
ERLINFOSENFNO/GATOLIN
ERLINFQeENFNQ/GATOLIN
ERRL203EPNUMO/GATOL2
ERRL2Q8EINUMG /GATEL 2
WRITE(6,669Y

69 FORMAT(///7,1H ,86X,37THRELATIVE nIFFERENCES 3ETUFCN REQUIRED)
WRITEC6,nT0)

70 FORMAT(IH ,S3X,23% AND GBTAILED GRADIFNTS)
WRITE (6,hb06)

abbd FORMAT(//, 1M ,SAX,9HL=2 ERNOR)
WRITE(a,nb67) ERRL20

#67 FORMAT (1M ,32X,aWAT 0,2(9%,F30,5])
WRITE(6,n683ERRL20 ;

~68 FORMAT(IM ,a2X,8MAT G,2(9X,F10,%))
RETURN
END

Figure C-3. Computer Code List For
Problem P1-3 (Cont)
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SUBIJQUTINF wNELT
REAL J1,.11LaM,n¥BSJ0

COMMON /C1 /R AMD(20)0J1(20),75LAM(20)
COMMEY 7C10/aSCRTP(20),8SCRTP (201 ORIGINAL PAGE 19
COMMON/RFAD 1 /P, MTERM, “SUN, X0, XN, LIGRID, NR OF POOR QUALITY

COMMON/CS/Rr101Y,P81(20,101),5011(20)

COMMON/C20/4(500) ,R(S80),C(500),0(500),Y(500)¢BFTA(S0SY,CANNA(SNS)
COMMON /C2 1 /THETAB(20,505),THOLDP101),TC10),GRACY!(101),6GRARX0(10Y)
COMMOM/CP2, TCASE, THELT(3)

CN4rON/CP23/0RADP(101),GRADILYNYY

CHARACTFRe217 RIS, ALPHA(S)

CHARACTER#LR STARS,STAR(H)

0ATa RIS/'Rs '/.STARS /' aatasennsgonragenly

00 207 Ls=t,+
N ALPHA(L)aRIS
R STAR(L)=2STARS
\ 207 CONTINUE .. .
i . cerctrereceracercergecrcreLecceccacecerrrcceegectecerncercecececececcecteece
; ce cc
K ot AL AMD(M)-LRCNT OF JO BESSEL FCN cr
3 cc JUI(MISJUIIRLAMD(M)) WHERE J1 18 RESSEL FCON cu
; ce JILAM(M)=J| rM)/RLAMD (M) cc
1 C c

ol

. . . c
cerecrercecceecceeccreceeccccecceccectrerctecceeteceerccrcecececceegecceeee

RLAMD(¢ 1122 404M25%577
RLAMD( 2335 _ 5200783103
RLAMOC( 3138 6537279129
RLAMDC GY=y1,79153a439]
RLAMD( S1=14,9309177086
Rt AMD( 63131A,0710639879
RLAMD( Tis1 2116366299
“LAMD( 8Y22a,357a715308
RUAMD( 91=27 4934791320
RLAMO (101330 ,638060646A4
RLAMD(11)33%,7758202136
RILAMC(12V23A,917098351%7
RLAMD(13V240,05Ra257646
RLAMD(14124%,1997917132
QLAMD(15)a44, 3411883717
RILAMD(1613849,u826098974
REAMO(171852,628051841
Rt AmD (181285 7655107550
QL AMD(19)Y8SA 9046983920
RLAMD(20)362,04R469190¢2
J1( 1)30,5191a7a973
JI{ 2)2«0,3302648065
Ji( 3)=20,2714%22999
J1{ d)3en 2124598314
J1( 5)=20,20A5464a33)
J1{ 6)a=n,a77288030
J1( 7y=30,17v265R94a2
J1( 8)3en,1A17015507
Ji1( 9)20,1571012138
J1(10)3=n, 1041659777
J1(11)30,13729694%
J1{12)3=0,1%13246267
J1(13)30,12K069497!
J1({1d)zen, 12139846248
J1(15)=0,11721119A9
J1(16)3en,§133291976
J1(17)20,1009911a30
J1(18)3=0,1n68478883
J1(19)=0,10%3959%729
J1(20)3en, 1012934939
0N Sés Imi,20
JILAMCI)a 1 (Y /RLAMO(D)

Figure C-3. Computer Code List For
Problem ?P1-3 (Cont)
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C Al

R AN LRSS P O

“hr i LY A "‘ﬂl"-l" ’ 1.4 .

?a

-t

A,

ST

Lt ““,'l

SNJL(IY=Jr (101 (D)
Shéd CONTINMNUE
cerccecreccecencercecrcceceeccececccecreececcecceecencerceerceccececececeeee

[ < cc
ce FIND COEFS FCR AFSSEL EXPalSIONS OF AtR)=a (1) AND B(R)=B(1) ¢ce
ce SFE EQUATIONS (2.2,.17) AND (2,2°{8) OF FINaL REPNRY cc
cc

(44
cerccegrcoceeencereecerncecccces cececeerécececrececeercerceceeceeceecceeceeeee
CALL AFCrt,n,a0F1)
CaLL arcrx.n,acr:)
oD 20 l=mi1,iny
R(I)a(Y=lvre0,0}
RMOLD=R(TY
CALL AFC(RHOLN,ANS)
ACI)sANSAOF}
CALL RFC(AHOLN,ANS)
8(1)=ANS=R0F
20 CONTIMUE
CALL COEFS(R,A,101.20,ASCRIP)
CALL COEFS(R.B,101,20,6SCRIP)
gerccecececeeceneereces CCCCCCCCCCCCCcchCcCCCcCrCCCFCCrCCCcCCCCCCCCC~CCCC

ORIGINAL PACE 18
OF POOR QUALITY

cc cc
- CC SNLVE FOR THETA BAR OF EQUATIONS (2,2,19) BY SOt VING TIE ct
cc TRINIAGONAL SYSTEM (2,2,20) =~ SFE FINaL REPORT ce
cc ce
gercceercececeeeecreecececcecceccececeesccecceccececerterceeececccececececeee
DXB(XN=XN)/NGRIN
OX2=OX 20X
T LsNGRID=!
DO 565 “m{,MSUM
0O ao I=g,L

A{l)s1 ,neDX2P /2,0
B(I)me2 0e0X24RLAMD (M) aRLAMN (M)
C(1)a1,0=0X2P/2,0
XEXO4TeGX
CALL GBAR(M,X,ANS)
D(I)xDXpeaNS
40 CONTINUE i
DC1)30(1)a(],0¢DX2P/2,0)nASCRIP(M)IwgqJ1(MIR0,§
DCLIZ0IL)al],N=0X?P/2,0)=BSCRYM (M) 2SAJ1(MI20,
CALL TRIDAG(L)
DN S0 1s2,NGR1ID
I1zl=t
THETAB(M,T)aV(IT)
S0 CONTINUE
NSTOPSNGRTD 41
THETAB (M, 1)2aSCRIP (M) a8QJ1(M) /2,0
THE7ABtn,nsrop)aascn!P(n)-,gJ.(n)/g 0
565 CONTINUE
DR31,0/NR
NRSTOPaNR+ {
DO #Q I®t{,NRSTOP
R(1)s(le])aDR
DO 65 M=y, MSUM
PSI(M,I)af(M,R("))
oS CONTINUE
(Y] CONTIMUE ] . )
cereceeececeeerecreeccecceccececcececececrcececcecceceencerccecceccceceecceeee
cc ce
cc PRINT TEMPERATURES cc

ce
LCrccccccccccccccrcccrcccccccccccccccrcccccccccccchCrCCCccccccccccccccc
IF(ICASE EQ,3) GOTOs7S
WRITE (6.30)
30 FORMATCIME,%2X,22HL O W E R s 0L T D)
~ GNTNeTS

Figure C-3. Computer Code List For
Problem P1-3 (Cont)
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y ™

~78 CNNTIMUE
WRATTE(b,10)
10 FORMAT(tHy,s2X,22MU P P E R c 0L 1 Oy
~79 CONTINUE
WRITE(&,70)
70 FNAMAT(IN ,uSx,494 T E M P E P p T U 0 £ nrsrtTRIsyYUTLIO
iN)
IFLAGan
MRIGHT zo
MUEFTzy
18n CONTINUE
IF(MRSTOP LF  MRIGHTITFLAG=]
MRTGHTZMINOINRSTOP MRIGHT)

WRITE(6r 190) (RS, JEMLEFT,RIGHT) ~e 1S
190 FORMAT(/77/7,1H ,17X,6CF12,8,5X1) ORIGINAL PAGE
WRITE(6,267) (ALPHALL),L21,%A16NT) OF POOR QUA\_HY

267 FNRMAT (1Hs,17X,hA1T7)
“RITE(6,268) (STAR(L),L2{,MRIGHT)
268 FORMAT(1HO,15X,4A17)
on 200 I=1,NSTQP
ISKIP=]=1
IHOLD=(ISKIP+0,20000008)/1),0
XHOLC=(ISKIP/10,0 =1ImOLD
IF(XHOLD,GT,0,005) GOT0200
172NSTOPe 1]
X8X0+(TIm1)e0X
DN 202 J=MLEFT,MRIGHT . . .
cerceoceceeceernrcerceerecceccecececercecrcceegreloceenccrceececegccecceceecee

¢c cc
ce NETERMINE TENOERATURE AT (X,0(0Y) cc
cc SZE EQUATION (2,2,14) OF FINAL @EPCRT cc
ce cc
gercCrercecceereerceerenceececcecceegrccenceeCeteerecececetcccececcecece
THOLN (J120,0
00 208 wey,MSuM .
- THOLD (J)3THALO(J) +2,0¢FST e, J)arHETaB (M, IT)/SAJL (M)
20n CONTINUF

CALL HFC(X,aNS)
THOLNCJYSTHALD (J) +ANS
202 CONTINUF
WRITF(6,210)X, (THOLDC(J) »Jxt EFT,MATIGNT)
210 FORMAT(IM Xz,F 10,65k » ,6(E1%.8,2X))

20n CONT INUE

IF(IFLAG,FQ,1)60 TO 220

MRIGHTEMRTGHT +¢

MLEFTSHLEFT+6

GH TO 180
22n CNNTINIIE i . . .
cerceeerceceecaecreccececcecceeecececrcceceeccececrcercecreccececeecceeee
ce ce
cC COMPUTE THUERMAL GRAPTIENTS AT xav( aAND xN ce
cec

ce

cerecrereecececrecreecrcecccceccecececerceececceecececrterceeccecececereceeee
396  CANTINUE

IF(ICASE,EQ,3) HCTO381

WRITE (8410)

GNTN682
~A81 CNNTINUE

N“XTEtbnio)
~82 CONTINUE

WRAITE(6,71)

T1 FORMAT(IH ,47Xx,38M 1 W E R ™ a4 GRADITEHNT S
WRITE(6,72)%0,%N . R

72 FORMAT(///7,84%X,1HR,S5X, 1 1WGRAD, AT Xx8,F10,5,14m GRAD, AT Xa,Fto,S
2,7/}

on 230 Imt, 101

Figure C-3. Computer Code List For
Problem P1-3 (Cont)
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T 1

gy e -

LT A
.

-

v,
e

ReI)s(1=1)#2n,01
00 240 M=zy,MSUM
VARIR(I)#RLANN(M)Y

CALL JO(VaR,Y)
PST(M,T)ay ORIGINAL PSGE 1S
24a CONTINUE
230 CONTINUE : OF POOR QUA
CNe=DX
on 250 I=y,10)
0N 260 J=1,$
T(Ji=0, 0
00 270 rMz{,MSiiM
TCIIST(J)e2,0°PST(M,T)nTHETAG(N,J) /8QI1 (H)
2mn CONTINUF
XxX0s(Jul)eNX
CALL HFE(X,ANS)
TCJI)aT (1) eANS
260 CONTINIIE
DN 280 Jza,t0
T(JIm0,0
JHOLN=NSTOP=304Jd
DO 29n Mz1,MSUM .
TCIIZT(JI)42,02PST (M, 2INTHETABIM,INOLD)/SC L (M)
a9n CONTTYUF
X2X0e (THOI.D=1) 20X
CALL MFC(X,ANS)
T(JI3T(I)eANS
28n CONTINUE

cereccecegeccecrccrcecreccececcecerccecaceeccecteccentercccecececeeecceecee

cc ce
ce APPROXIMATE TWERAMAL GRADIENTS av CYLINOFR ENNS ce
cc ® SEE EOQUATIGNS (2.2,21) AHO (272,22) OF FINAL RCPQRT ce

ceC ce

c’rccccrccccccr:crcccrc CCCCCCCCCCCCfrCCCCCCCCCCCffCCrCCccCCCCCCCCCCCCCC
GR Anxu(I)s(.JaT(b)oIotT(7)-36-?08)008-7(9)-29'7;10))/(12:00)
GRADXO(I)s(e3aT(S)elaeT(4)aSanTr3)ea8eT(2)a280T 1))/ (]220%)
ISKIPzlet
IHOLD=(1SKIP+0,00000001) /10,0
XHOLOS(ISKIP/30,0)=INHOLD
IF(XANLD,67,0,005) GOTO2SO
““ITE(boSOO)R(I’ GRADXQ(I),GRADYN (DY

00 FORMAT (M , 39X, F8,6,3X,E17,9,7%X,E17,9)

25n CONTINUE
RFTURN
END

ccreeceeecececcrecreccececeeccceecececréeecceeteccercercecececcecceeccecee
¢

< ce
(o THIS SUBROUTINE APPROXIMATES (av FINITE DIFFERENCE) G NAR OF ce
cc EQUATION (2.2,16) OF FINAL RCPORT c:
ce
ccrccccrccccccrccrcccccccccccccccccccrccctccctcccchCrcccccccccccccccccc

SUBROQUTINE GBAR(M,XeANS)

REAL Ji,.01LaM

COMMON/C1/RLAMDC29)J1(20),J L AM(20)

COMMQON /READY /P, MTERM, MSUM, X0, XN, NGRTID,NR

EPSLONEO, 0}

XisXaEPS{.ON

X2uX+EPSI.ON

CALL HFCIX,ANS)

CALL MWFC(X1,ANS1)

CALL MFCI(X2,ANS2)

GuPw (ANS2wANS1)/(2,00€EPSLON)

GuGCa(ANS29ANSw2,00ANS) /(EPS|,ONEPSLON)

ANSeGRJ11 AM (M)

RETURN

END

Figure C-3. Computer Code List For
Problem P1-3 (Cont)
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cereceerecececrccreccccecccccccccclecrececcecteceraceacetecececcecececeee

cc cc
CC PURPQOSE = cc
cc SUPPLY INPUTY DATA, SEE APPENLTIX A 4 FNR DETAILS cc

cec

ccreccecrcccceerncerceenccccceceeece CFCfCCCCCrCCCCCffCCrCCCCCCCCCCCCCCCCCC
SUBRQUTINE rnPUT
INTFGER NELTERM,DELNSYS

CNMMON/PFAD1 /P, MTERM, MSUN, X0, XN, NGRIC,NR ORiGIN
CAMMOM/C22/1CASE, THELT(3) F P
COMMON/C24/KS, RKL ,RL ,NSYS Of

COMMON/C2S/RRADATO(101),GRANATRL01),7HS1(20),RN52(20),5(28),0,
TAMATI (20, 100,AMAT2(20,30),aL2(40,20),RNS(44), WX (1500),12IW:(20)
COMMON/C3L1/THFC _
COMMON/C32/%x0(100),YD0100),C ca,[00),™

COMMON/CU0/SLENGTH

COMMQM/CS 1 /MAXTERM , MINTERM , MAXHRYS, “INNSYS,DFLTFAM,NELKNSYS
WRITE(6,S)

S FORMAT(//,1K ,S0X,20MI NP U T 0 AT A)
GO T0(10,20,20),1CASE . .
cerecececececcregrecerccececececceceecccercceececceccercertccececcececceccecee

cC cc
cC MFLT PARAMETERS cc
cc c

c
CrCCCCCCCCCCCrCCFCCCCCCCCCCCCCCCCCCCFCCCCCCCCCCCC(CCCCCCCCCCCCCCCCC'CCC
0 READ(S,12)P,MSUM,NGRID,NR

12 FORMAT(E20,10,48110)
WRITE(6,25)
25 FORMAT (1N ,a8M 4 NGRIND NR regiumy
mRITE(6,18) P, NGRID,NR,MSUM
14 FORMAT(F20,10,3110) .
READ(S, IAYMAXTERM,MINTERM, MAXNSYS , MINNSYS,DEI. TERI, DELNCYS
16 FORMAT(INTS)
WRITE (6,799
799 FORMAT(//,1W ,9X,STHMAXTERH M*TERM DELTFRM MaXNSYS MINNSY
-5 DELNSYSY 5
WRITE(6,18)MAXTERM, MINTERM, DELTFRM, MAXNSYS MINNGYS,pELNSYS
18 FORMAT(IH 18X,6(8%,15))

RFETIRN ’
cerecceececceeecerccereeerecceccecciecrecectececccrcercecececceeegecceece
. ge cc
cc LOWER SOLID/UPPER SOLID PARAHETERS ¢t

(44
ccrccccrccccccrccr'ccccccccfc:cccccccrcccctccccccchcrccccccccct:Cthc:c
20 CONTINUE
READ (5, 12)P . MSUMINGRID,NR
WRITE(6,.295)
WRITE(6,14)P,NGRIDNR,)MSUM
REAN(S,22)RKS, axL,nL.sLENGTH
22 FnRMAT(arzo 1o
IF(ICASE, NE 51 GOTGZ&
READ(S, 2?)0
WRITE (4,A88)
RBB FORMAT(//, 1M o10X,3HRKS, 17X, INRul,17X,2HRL, 20X, THSLENGTH, 8X, L I1NMEL
=7 LENGTH)
WRITELs,2a)RKS,RXKL,RL,SLENGTH,Q
28 FARMAT(SF20,10?
26 CNNTINUE
IF(ICASE EQ,3) 6QTODdS
WRITE(6,A88)
WRITE(86,23)AKS,RKS,RL,SLENGTH,Q
a8 CONTINUE

ggrcc:cccccccccccéc&ccccccccccccccccc&éccccccCcccccchcccccccccccccccccc

cc
cc SPLINE INPUT OPTICN cc
cc cc

DR Q

Figure C~3. Computer Code List For
Problem P1-3 (Cont)
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terercerccccecencercecreccceeccececLccrcceccez ceerregreececececececceece
READ(S, Lh)INFC, ™
ARTTECH,30)M .
30 PORMATC//7777,95H THE SURF,CC TFI'PERATURE OISTRINUTION IS ARPROXIM
2ATED BY TME CUBIC SPLINE THRUUGH TME FO-LOWING,74,21H (X, TEMPY O
«ATA POINTS,  //,37H X SURFAFE TeMp),)
IFCIHPC FQ,0) RETURN
DO 32 twi M
READ(S,22)%Xn(1),YDCI)
WRITECa,3a)X0CIY, YNLT)

34 FORMAT(2£20°10)
32 contnue 20e10 ORIGINAL PAGE ($
CALL COFGEN OF POOR QUALITY
RETURN
END ] .. . )
cercereececccerncercecnceeceecececececrcceccercteceencercececeereeeeccceeee
cc . cC
ce TMIS SURROUTINE PROVIOES FCR nAYA INPUT . ce
(] THIS SUBROUTINE SUPPLIES LATIRAI SURFACE TEMPERZTURE ce
cc e SEE EQUATION (2,2.4) OF FIlaL FEPORT ce

cc . .. . e . . cec
cerccocecceeccenecreecceccaececcecceeceercceccecteecernccrcccececgceccececceeceee

SUBRAOUTINE WFC(X,ANS)

COMMOMN/C24/PKS s HKL,RL,NSYS

COMMON /CY 1 /THFC

COMMON/C26/rPOLY (20)

COMMON/C22/TCASE, TMELT(3)

G0 T0(10,20,30),ICASE . .
ccrecceeaceceeenccrceccccecceccececccecrccecceececcenceeCecrceceeecececeree

ce - cc
¢c MELT SURFACF CONTROL TEMPERATURF, SEE EQUATION 3,0.18 cc
cc . .. - (44
ccrecceecececcaecrcececreecceccccceciecncceccectececrterteeececcecgecccece

10 ANS20,0
00 12 K= ,NSYS
CALL BASYS(x,X,4ANnS1)
ANSEANS+CPOLY(K)*aNS]
12 CONTINUE

RETURN .. L . A
cercCCerececececeecnceercccteeccccceeceereceecceccereencercecceccrcesgececeeee
ce cec
cc LOWER $O1.I0 SURFACE TEMPERATLRE COMPUTED NEXT ce

ce . . ce
cerccecrceceoerecaecerereceececccereceréececeeceeeeniercececccccececeeeee
. @0 IF(INPC.EQ.!) eOTOR22 ) .. ) ) . ) )

cerececrecccceercercecececceccececececreccceecceceencerccercececcececceeee

cc . ce
ce USER SUPPLIPFD LNweR SOLID 3URFArE TEMP, DISTRIBNTION ce
cc PLACED HFRE cc
cC

) .. . . ce
ccrcccgggﬁgccccccécccccccccccccccccccccc:ccccCcccccccccccccctccccccc:ccc
N .

22 CALL SPLINE(X,ANS)

RFTURN - - .
CCrCCCCCCCCcccnctECCCCCCCCCCCCCCCCCCCEcCCCCCCCCCCCCCCrCCCCCCCCCCCCCCCCCC
cc ce
ce UPPER SO1,10 SURFACE EMPERATIIRE COMPUTED NEXT ce

ce _ N ) ce
cCreceeeceeeeereareececeecceecceceeiecitecececececeercesrteeecececceececeee
30 IPCINFC EC,,) ¢NT022

cc USER SUPPLIPD UPPER SOLID SURFAPE TEMP PLACED HERE IF IN ce
cc FUNCTIONAL FORM ce
RFTURN
END o .. . .
EngCCCCCCCCCCCCCCCC\CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCrCCCCCCCCCCCCCCCCCC
. . . . cc

Figure C-3. Computer Code List For
Problem Pl-3 (Cont)
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ce THIS SUBROUTIME SUPPLIES R.DIal. TEMPERATURE NISTRIBUTICN cc
cc ON LOWER ENn OF CYLINDER = SCE rQUATINN (2,2,2) OF FINAL cc
cC REPNRY cc

ce . . ce
cercceecrceeecercecreccrecccceccececctreréeceecceccrrcercecrcececceeccernee

SUBROUTINE AFC(R,ANS) s .

COMMON/READ Y /P, MTERM , MSUM, X0, XN,NGRID,N

CALL HFCXE,ANS) ORIGINAL

RETURN OF POOR

END ) .
gercCrerceceecrecececccceteccceeccceerececececteceentgrceecceeccceeccecee
ce ce

cc THIS SURROUTINE SUPPLIES R.DIAL TEMPERATURE NISPAIBUTICN 4
ce ON UPPER ENn OF CYLINDER « SCE FQUATION (2,2,2) CF FINAL RCPORT CC
cc . . ce
gercceerceceeerecrcecercceceerecceeccecrteececeecceccencercecencegecececceeee

SUBROUTIMNE RAFEC(R,ANS)

CN"‘O‘J/RFAD"P.NTERF.NSUN,XO,IN,NGRID.N"

CALL HFC(XN.ANS)

RETURM

END ) . ) oo ;
cerecrerecccccerccreecncccceececcecectrercceceestececacerccecececgecscecceece
ce cc
cc THIS SUBROUTINF FITS BESSEL SFRYCS TQ DATA BY LpAST SGUARES cc
cc METHMOD = SEF EQUATIONS (2,2,17) , (2,2.18) AND ¢2,2,29) (4
ce OF FINAL REPORT ce

cc . . . . ¢
cecrcCrerceccecrecreecreeeccececeecceecréceccecteceercerecceceeeccececeeece
SUBRQUTINE rCEFS(R,Y,NR,NCOFF,CNEF)
INTFGER NR,NCOEF -
REAL F,R101),Y(101),COEF(20),mr(460)

EXTERNAL F . .
cereceeececeecenecrecerccecececcecccecrccceceececcereerccceccecceccccecee
cc cc
cC USER SUPPLIFD LEAST SNUARES HETWND FOLLOWS WERE_TO pETLAMINE ce
ce THE COEFFICTENTS OF FQUATIONS (2,2,17) AND 2,2,718), TWE ce
ce SUBROUTINE TFLSA BELOW I3 TWE Im3L LEAST SQUARES FUNCTION cc
cec FTT ROUTINE cc

ce . . - e
gceecteergcecceercereececcececcecceccecreteccecceceeantercececececcceccecce
CALL IFLSO(F,R,Y,NR,COEF,NCCCF,wK, 1ER)
IP(IER,EN, 179, ,0R TER,EQ,I30)LRIYE(6,10)
10 FORMAT(S4H TERMINAL ERROR IN LEAST SQUARES METHND,SUBRCUTINE COEFS
1

RETURN

END ) . . )
CErCCCCCCCCCCCCCCrccCCCCCCCCCCCCCCCCCFCCCCC:tCCCCCCCCrCCtCCCCCCCCCCCCCCC
o ce
ce THIS FUNRTION EVALUATES THE IFRN ORDER BEISEL. FiliCTYON 4o
ce DENOTED IN NOTATION N2e{ (I11)) = SEE FINAL REPNRT ce

cc ) .. L. e . ) ec
cercCrercececcernecrecencececcececeeeccecrercceeceecteceencercececeececcceccocee

REAL FUNCTION FIN,R)

COMMON/CS /R AMD(20),J1(20),J8LAM{20)

XgRLAMD(N) *mR

CALL Jo(X,Y)

FuY

RFTURN

END .. R .
cercCCcrceceeernecrececerececceeceeccceceereeceenecececencercecececeececceccccecee
cc ce
ce THIS SUBROUTINE cNMPUTES THF Jn BESSEL FUNCTION YsJo(X) ce

cc .. .. - . ¢c

cerccecerceceeenccrctercceccecceecccecrécecceccececenccrccceecceeceeecceeee
SUBROUTTHE .10¢X,Y) . . .

cerccrerecceccreerecercceccccceecececrfececcecceteercerecceceececeeccecee

Figure C-3. Computer Code List For
Problem Pl1-3 (Cont)
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cc . cC
¢C USER SUPPLIFD JO FUNCTION PLACER HERE, IN THIS gXAMPLE, TNE (34
cc IMSL RESSEL FUNCTION MMBSJO IS 'LLUST!ATED (] 4

cC .. . (44
tereceeececcceernecereecrncecteceeccecececrecceceecceccentercecnceccecceccceee
REAL MMBSJO
YeMMBSJO(X, TER)

RFTURN
END
ccrccrcrcrcccchtrcccrccccccc:ccccchrcccccccccr'rrCCrccccccccccc:cccccc
cc
cc SUBROUTTNE FOR SOLVING A SYSTFM OF LINEAR SIMULFANECUS ce
ce EOUATIONS HaAVING & TRIDIAGONAL rOEFFICIENT MATRIX, NnIAGONALS - CC
ce ARE STORED tN THE ARRAYS A, 0, AND €, THZ COMPUTED ce
c¢ SOLUTION VERTOR V(1) o o o Y(L) IS STARED IN THF ARRAY V, ce

cc 44

cercceerceceecrecreecrcccceccecceccecreeecceececeerncercecececrcecceeeceee
SUBROUTINE TRIDAG(L)
COMMON/C20/4(500),8(530),C(500),0(%5001,Y(S500),BFTA(405),CAI'MA(SNS)

CCrCCCCCCCCCCCFCCFCCCPCCCCCCCCCCCCCCCrCCCCCCCCCCCCFCCrCCCCCCCCCCCCCCCCCC

cc ce
cc COMPUTE INTZRMENTATE ARRAYS OETA AND GAMMA ce
cC . - . . ce
cerceeereeceeerecreeerccececeeceecceerececccecteceentercecececccecececcccee

BETA(1)3R(1)

GAMMA(1)mD(1)/BETA(S)

IFPis2

00 t l=IFP{,L
BETA(I)2BrI)ea(T)oC (L) /BETAI]I=])
GAMMA (T 0 (T)ma(l)eGAMMACT=1Y)/BETAL])
1 CONTIMUE

4
¢ CNMPYUTE FTNAL SOLN, VECTCR v
VELYIGAMMA (| ) ORIGINAL PAGE 19
LASTS =1 ) OF POOR QUALlTY
00 2 Ksl,LAST
Tale=x
Ve1)SGAMMA(T)=C (I aV(Tet3/DETALT)
2 CONTINUE
RFTURN
END
gereceeeececeececreecrcccceecececeecececceeceeteccerteececeececceeececceeee
ce ce
CC PURPOSE o ce
cc 1, GENERATE MELY ZONE SURFLCE CNNTRAL FUNCTION ce
44 2. GENERATE THERMAL DISTRIDUTION IN WeLT 20ME ce
cc

4+

cereceereceeeceeercecaeccceeceeecececreécceccecteccerceccceecececececceeceee

SUBROUTINE MELT1

INTEGFR NELTERM,DELNSYS

REAL Ji,J1LAM,uMaSJ0

COMMON/CtlﬂlAﬁotzo)oJl(ZO) J1LA~I20)

COMMON/CS/R¢101).P81(20, 101)p30'1(20)

COM"ON/CQ/CnEF(Zo):““

COMMCN/CL0/ASCRIP(20),BSCRIP(20)

COMMON/C20/A(S00),8(500),£(560),0(%00),Y.500),B¥TA(S0S],GAlIMA(SNS)

COMMON/C21/THETAB(20,50%), YNCLnllol);Y(loJ GRADYI (1A1),GRADXO(LNE)

COMMON /C22/1CASE, THELT S)

COMMOM /C23/GRAD2(101),GRADJ (101

COMMON/C2a/PKS,RKL ,RL,NSYS

cnnnoulaer|/n.~1tn~ MSUM, X0, xN,NGRID,NR

COMMON/PIXPT/I0PTION, XMIN,GCMIN, rLIP

CDHNON/C?SIGRADA70(lot):GRADAantOI),lual(20)0Rua2(2°),3(20’00.

LAMATI(20,10),AMAT2(20,10),AL2040,20),RHE(04), "Nk (1500),]1Iw(20)

COMMQN/Ca4/0POLY (20)

COMMON/C27 /KERNEL , NKERNEL , KKERNPY,

Figure C-3. Computer Code List For
Problem P1-3 (Cont)
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COMMON/CSO/F(a),AL6(ua,20),Rii6(n])

COMMOM/CSL/MAXTERM MINTERM, MAxNQYS, MNINNSYS, DELTFRM,nELIISYS
cgrcCcccccccccccccccccccccccc:cccccccrc:CCCcCCcccccCCrcccccccccccccccccc
¢

e
4 GENFRATE BESSEL EXPANSION COCFF*CIENTS OF EQUATICNS (4,07) aNO cC
cc {a,0,8) OF FINAL REPORT c¢

ce B . ce
cerecrerecceeerccrccceeeetececeeceeceiieacoectecceaceieecececccececeecee
20 I=1,41n01
ACT)SCRANATA(T)=GRADATOC10)
B(I)sGRANATA(I)=GRADATQ(10}Y)
20 CONTIMUE

CALL COEFS(R,4,101,20,A8CRIP) S
CALL COEFS(%,8,101,20,83CRIP) ORIGINAL PACE IF
MTERMSMAXTERN OF POOR QUALITY
NSYSEMAXNSYS

00 30 Ial,MTERM

ITaleq

CCrCCLCECCEC.LaCCreCrrcCeeceCcceecccecréeccteccetecrcerccececeeccececeeeee

cc
cc GFNFRATE RIAWTY HMAND SIDES OF FQUATION (4),0,23) nf FINA{ REFORT (€
. . cc
CCrCCCchCCCCCCCCCCCCCCCCCCCCCCCCCCCC?CCCCCccCcCCCfCCcCCCCCCCCCCCCCCCCCC
RHS(IT)mm0,GaaSCRIPITIIRILI(L)nRLAND(I)=GRADATOCAY)
I18I1+MTERM
RHS(I1)s 0,%aBSCRIP(II®JI(IInRALAMOCT)oGRADATR(1AY)
S(I)aPePeg anALAMDC(I) PRLAMD(])
S(I)=SQRT(8(1))

30 CONTINUE .. .
cerctleececceceaecrncececccceeccecececeercecececcececenceeteecececceeccececeee
cC (44
ce GENERATE RIGHT MAND SIDES CF EQUATINONS (a,0,19) » (a,0,22) 0F cC

ce FINAL REPQORY cC
cC . . ce
terececreeccceeneenceerceccccccccectecrcceecceceteccercercececececccecceceer

ANS(1)30,0

RMS(2)20,0

RHS(3)36RADATO(10Y)

ANS Cu)=GRADATO(101)

00 G0 Nmt ,MTYERM

DN S0 Kx=my,NSYS

NNENeg

CALL INTEGLI(N,K,ANS) .. . :
ggrcccccccccctcccrcccccccccccccccccccccccccccccccccccrcccccccccccccccccc

.. 4+

CC  GENERATE COPFFICIENTS IN LEFT WaND SINnE O EQUATION (4,0,23)  ¢c¢

ce OF FINAL REPORT ce
cc L. .. . . ) ) (44
cercccecceeececereerceerceccecccecceccecreceececceerncncercececeeeccececcecee

AL2(NN,K)=ANS

CALL INTFGLA(N.X,aNS)

NNSNNeMTERN

AL2(NN,K)mANS

S0 CONTIYUE
a0 CONTINYE
00 60 K®1,N8YS .. .
ceecCecrceccecerecrececccccteccecceeiecececececceeccreerceeceeegecececcecee

ce ce
ce GFNERATE COPFFICIENTS IN LEPFT HaliD Slne OF cc
cc EQUATIONS (a,0,19) = (4,0,22) ce
ce

. .. . . 4

cerececececeeecrecrecccececececceceececececeectectetecncerteeecetecceecceeee
CALL BASIS(K,0,4NS)

AL2(1,KIRANS

CaLL BASIS(X,0,ANS)

AL2C(2,KImANS

Figure C-3. Computar Code List For
Problem Pl-3 (Ceont)
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CALL OBASIS¢K,0,aNS)
AL2(3,K)mANS
CALL DBASIS(K,Q,ANS)
ALR(U,K)BANS
6 CONTINUE
00 310 NSYSxMINNSYS, MAXNSYS,CELNEYS
00 00 MTERMSMINTERM , MAXTEN™,0F TERAN
NNZ3e2+MTERNM
TF (NN LE NSYS) ROTNS00
D0 %40 1sm1,ad
RHO(TIISRHS (1)
D? ??ngnt.ao ,
ALGLT,d)mAl(1, 1) 1
€S0 CONTINUE ORIGINAL PAGE IS
<40 CONTINUE . OF POOR QUALITY
DO 870 Ix1,MTERM
T23MAXTERMea+]
I6SMTERMaG Y
00 580 J=i,70
AL6CIG,JysA1 2¢22,0)
s8¢ CONTINUE
RH&(I6)2RHS(12)
70 CONTINUE
E(1)%0,0
E(2Y=0,0
E€3)=0,0
E(a)s0,0 . _ )
EErCCRCfcccccccccrcccﬂccccCCCCCCCCCCCrCCCCCCCCCCCCCCCrCCCrCCtCCCCcCCCCCC
ce
cc SOLVE FOR LFAST SQUARES SOLUTINM OF EQUATIONS (2,3,19) = ce
[ 4 ® (3,0,23), THE IMSL RO"TINE LLmQF IS [LLUSTRATED NenE cc

ce . . . ce
gcercccerceceeerncercecrcecccecceceegelrcectecceececececercceececesegecceere
CALL LLRAF(AL6,Q4,NN,NSYS ANG,84,1,0,E,CPO0LY,20,7T1Wx, K. ICR)
ce DISPLAY THE CCEPFICIENTS OF CAUATION (4.0,i8): YHE MELT Z00E ce
cc SURPACE FONTROL TEMPERATURE «» SEE FTNal RFPORT ce
WRITE(6,09)
A9 FORMAT(INL, 21X, 7qWM E L T 1 NnNE SURFACE CONTR
10y cOEFFICIENT S
WRITE (5, 789) MTERM,NSYS
789 FORMAT(//,iM4 ,50X,12HFOR MTERM »x ,12,12" AND NSYS 3 ,1D)
WRITE(a,q0) .
99 PORMAT(///74t W 39X, I1NK,22%,8HC (K))
o0 AS 1m1,NSYS
WRITE(6s086) I, CPOLY(I)
w86 FORMAT(, 1H ,0/X,12010X,E20,80;
85 CONTINUE
CALL FOSTER
S0n  CONTINUE
S1n  CONTINUE

RETURN

END .
ggrcc:ccccc:cccctcccccccccncccccccc:cccrcctccccccccchccc:cc&ccccccccccc
ce
CC PURPQSE o ) ce
ce o CNMPUTF MATRIX 7?47 ELEMENTS OF EQUATION (4,0,33) ce

ce ) » . ce
cercccerecceeerecaceenceccececcLeeceerccecccecteccecrccrcoceeceocecceccecee
SUBROUTINE INTEGL1!N,K,ANS)
EXTERNAL € V. .
COMMON/C28/RRADATO(101),GRADATRPIOL),ORS1(2M),NNG2¢20),5¢20),6,
L1AMAT1(20,10%,AMAT2020,10),AL2(88,20),AH3¢04) , "W (1500, 20)
CONMON/C2T/XKEANEL , NKERNEL , KXEANFL
KERNELA]
NKERNEL sN
KXERNEL 2K

Figure C-3. Computer Code List For
Problem P1-3 (Cont)
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RERRz{,0Fe]n ORIGINAL PACS 19

RFAARY , 0F ey OF

ANS20CAORE (R, 0,0, AERR,RERR,ERRND, [ER) POOR QUAUTY

RETURN

Enrp . -
cerceroeececeecrececeececaceenceecececcereceeceeteceenceececercegcececclicece
cc ce
CC PURPOSE o L. ce
ce e CAMPUTE MATRIX 247 ELEMENTS OF EQUATION (4,0,23) cc

] ce
terccrcececcecerecreccececceeeceeceececececceeceecetectcercececeeccececeecceece

SUBROUTINE TNTEGL2(N,K,ANS) - .

COMMON /C25/GRABATOC101),GRADATAY101),9H51(203,RuS2¢23),9¢20).9,

TAMATI(20,10),AMAT2(20,10),AL2€308,20),RNS(B4),"NK(1500),IIm(20)

COMHON /227 /KERNFEL , NXERNEL , KXERNFL

EXTERMAL G

KEANELz2

NNERNEL =N

KKEARNEL =K

AFRRz30,0

RERR= ,0Feln

RFARZY ,0F<|>?

ANSa0CAORE(R,0,R,AERR,RERR,ENR(OP, 1ER)

RETURN

END . -
cerctegreececcnccreccerccecececccecccegececececteceerccecceecececergececeece

cc ce
¢t PURPCSE ce
ce e EVALUATE THE XERNAL FUNCTICN nCFINEN By ENUATION (8,0,10) ce
ce ce
CCfCCEcccCCCCCCCCrCCCCCCCCCCCCCCCCCCCFCccCCCCCcCCCCCCFCCCCCCCCCCCcCCCCCC

SUBRQUTINE KEPNELLI(N,T,aNS) - R

COMMON /C2S/cRADATNCI0) ,GRADATA?{01),RHS1(20),Ru32(20),5¢22),G,

TAMATI(20,101,AMAT2(20,10),AL2(4R,20),3RS5(94),#Nx(1500),1Tw;c20)

COMMON /RFEAD 1 /P, MTERM, NSUM, X0, XN, KNGRTIC, R

I3=QaS(N)

TFRM3(PePaS(N)aS(N) I /8,0

RBOLD=20,N

IF(Z,GT.~250,0)RMOLDIEXP(Z)

TERMITERMa (1 ,0=RWNLD)

12w (PeS(N))aT/2,0

LI3=§(NYaQe(S(NI=P)=T/2 0

RiaN, 0

R2=M,0

1F(2,6T.~»280,0)R1aEXP(Z)

IF(Z),6T, e250,0)R2=EXP(2Z})

ANSSTERMa (R1=R2)
RETURN
END . . )
CCrCCCCCCCCCC:tcchCCcCCtCCCCCCCCCCECrthCCCCCCCCcctCFCCCCCCtCCCCCCCCCCC
ce cec
cC PURPCSE » . cec
ce o EVALUSTE THE XERNAL FUMCTION nEFINEN BY EQUATICON (4,0,37) ce

ce . . . cc
cercCrercececercecrececneeccecceceecceceteccececceceentercccrecceccecocceccee
SUBRQUTINE KERNFL2(N,T,AN3) .- .
COMMON/C2S/GRADATOC10T) ,GRADATAF101),AHS1(20),RN52(20),3(20),0,
TAMAY1(20,10),AMAT2020,10),AL2€8A,20),948(24), "W(1500), 11w (20)
COMMON/RF LD /P, MTERM MSUM, XN, XN, NGRTD,NR
Tia(PaPeQ(NINI(N))/4,0
Le=®(N)2Q
RHOLD=Q 0
IF(Z,67,2250,0)RHILOREXP(2)
T13T1/(1,0=RNOLD)
Za(PeS(N))nn S0(Q=T)

Figure C-3. Computer Code List For
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e T23€xXP(2)
«GT,=250,0) T23EXP
ZueS(N) oY ORIGINAL PAGE 1S

T3is1,0 OOR QU uﬂ

IF(ZeGTon250,0)T321,0~EXPCT) OF P

ANSaT1aT2eTY

RETURN

END
ccrccrcrccccccrccrcccrccccccccccc:CrcrcccccccccccchCcCCCccccccccccccccc
ce ce
CC PURPQSE cc
ce = COMPUTF INTEGRAND USED TC COMPUTE MATRIX 247 pLEMENTT OF ce
ce EQUATION (4.0,2%) cc

cc .. . cc
teecceereccecereccreeccrececceeceecccececececececceceecceececececcceeeccccee

REAL FUNECTION G(X)

COMMOY/CAT/XKERNFL , NKERNEL , KRERNPL

REAL X

IF(XERNE}. .EN.1) CALL XERNEL1(NKFRNEL,X,ANS)

IF(KERNEL EN,2) CALL XERNEL2({MNKFRNEL, X.ANS)

CALL RASIS(XKERNEL,X,ANS1)

GuANSeANS]
RFTURN
END
ccrccrcrcrccccrccrcccrcccccccccccccc;rccccccccccccrcchCCcccccccccccc~cc
(4
cc PURPGSE - ce
cc = PROVINE USER SUPPLIED SET LF FUNCTIONS USED In EXPANZION ce

ce OF “ELT 20NF SURFACE CONTRCL FUNCTION, SEE EBUATION (a,0,13) cc
cc cc
CCrccc5r’cccccrCCrcccrcccc:ccccccccccrcccccccCCccchcrcccrcccccccccccccc
SUBROUTINE RASIS(X,T,ANS)
CﬂNNON/C?SIrRAOATO(IOI)'GRADATQlIOI),DNSI(20)-Ru42(20’ 5¢20Y.Q,
1AMAT1(20,10),AMAT2(20,10),AL2084,20),AHS(A4), "W (1500), ITWK (20)
IF (X, NE,1IGD TO 10
ANSz1 .0
RF TURN
10 ANSZ(TeQ/2,0)va(Ket)
RETURN
END
SUBRGUTINE NEASIS(X,T,ANS)
DELTAT20,001
ABTeDELTAT
CALL BASYI(K,X.ANSY)
llV-ogLr‘r
~all BASYIS(w,X,aNS2)
ANSB(ANS 1eANS2) 7{2,040ELTAT)

RF TURN

END
cercccoececeeerecreeerccccceceeccececrececceececeercercececccececeecceeee
ce cec
ce THIS SUBROUTINE €STIMATES LATERAL SURraCE T!HPE-AYUnE (44
ce @Y USE OF cualc SPLINE IF THE UeER SUPPLIES A DISCRETE SET Of CC
ce LATERAL SURFACE TEMPERATURCS, cc
cec

ccrcccccccccccrccrcccrccccccccccccc:crccccccccccccrccrccc-ccccccc:cccccc
SUBROQUTINE SPLINE(Y'NT,YINT)
COHHONIC!2/X0(100):YD(xoo} c{a, cOO).M
IF(XINTeXD(1))2,1

1 YINT3YD(Q)

RETURN .

ey

IP (XINTeXD(K*1))6sa,S

YINTBYD(K+])

RETURN

KmKe1 -

5 W

w»

Figure C-3. Computer Code List For
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OF POOR QUALITY

cc
cC
cc
cc
cc
cc
cc
cc
cc

TIFC(M=K) ,GT,0) 6OTC3
IF((Mex) ,LE,0) X3M=l

6 erT:(XO(Koq).xrur‘-(C(1,K)-(xn:xol).!xNT)~-?0c;3.x))
YTHTSYINT (X INT=XD(X)) e (CC2,K)n?XINToxXN(K))ender{Q,x))
RETURN

END
cereceeecceeccrecreccreecececeececeLecrececccecCeeeercercecrcegcecceccecee
¢c
FINN THE 3P{ INE CURVE FIT COCFrrCclenTs, FOR USE IN cONJURCTION (C
WITH SUBROUTINE SPLINE, cc
INPUTS = cc
M 2 NO, CF DATA PAIRS cc
XD =x ARRAY QF X (ABCISSA) V.LUFS cc
YD = ARRAY GF Y (ORDINATES) v UES cec
OUTPUTS = ce
C = 2N ARRAY OF SPLINE FIT CPCFFICTENTS (4 CrCFFICIEATS ce
PER TRIPLET OF DATA POINTR), ce
ce

cC
cc

cereercececceerecrcécceeccecceceecccecréccecectaterrcercecececccccceceeece

¢

SUBROUTINE rOFGEN

COMMON/C32/X0(100),Y0(109),C8¢a,100),v

DIMENSION Cra,100)

DIMENSION Pr100),EC100),A0300,34,8¢100)22(:00),R0100)
EQUIVALENCEC1(1,1)4C(1,1))

ND3M
MuMe]
NC 2 x=xt,M -
DEX)IXN K+ )aXN(X)
P(X)SO(K) /N,
F(K)S(YN(Kel)oYD(X))/D(K)
NG 3 x32,M
R(K)2E (K mfE (Kot)
4(1,2)3m1 ,=D(11/0(2)
‘(203)’“(1\/0(2)

A72,2)32, -!P(l109’21)°9(l)'»(1 2)
Ale. T, 40P(2)eP(1)nA(1,3))/4¢(2, ?]
R{2)=8(2)/4(2,2)

N0 4 K3J,M
A(K,2)82 2 (P (Ko )P (X))oP(K=1)ah(K"],3)
B(X)a8(K)ep(K=1)eB(K=])
A(K,3)3P(KY/A(X,2)
R(X)BB(K)/A(K,2)
Aan(Mel)/D(M)
A(ND,1)31 ,4GoA(n=1,3)
A(ND,2)3=Qaa(NN,1)*A(M,3)
A(ND)sB(M=9)=a{ND,1)*B (M)
Z(NDISBINDY/AIND,2)
NG & Ixy,NNe
KaNDe] o
Z2(K)SB(K)ea(X,3)02(Ke])
2C1)8mA(],2)82(2)=A(1,3)%2(3)
N0 7 xa).M
031,/(8.%0X))
Cl1,X)sZ(KYal
C(2,K)8Z(Ke})eR
C{3,K)IBYD(X)/0(K)=T(X )P (K]}

T C(arK)SYD(xel)/D(X)mZ(Xel)oP (KD
Il"’[
PETURN
FND

Figure C-3. Computer Code List For
Problem P1-3 (Cont)
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